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The recent notion of graded modal types provides a framework for extending type theories with fine-
grained data-flow reasoning. The Granule language explores this idea in the context of linear types. In
this practical setting, we observe that the presence of graded modal types can introduce an additional
impediment when programming: when composing programs, it is often necessary to ‘distribute’ data
types over graded modalities, and vice versa. In this paper, we show how to automatically derive these
distributive laws as combinators for programming. We discuss the implementation and use of this
automated deriving procedure in Granule, providing easy access to these distributive combinators.
This work is also applicable to Linear Haskell (which retrofits Haskell with linear types via grading)
and we apply our technique there to provide the same automatically derived combinators. Along
the way, we discuss interesting considerations for pattern matching analysis via graded linear types.
Lastly, we show how useful structural combinators can also be automatically derived.

1 Introduction

Linear type systems capture and enforce the idea that some data travels a linear dataflow path through a
program, being consumed exactly once. This is enforced by disallowing the structural rules of weakening
and contraction on variables carrying such values. Non-linear dataflow is then typically captured by a
modality !A characterising values/variables on which all structural rules are permitted [12]. This binary
characterisation (linear versus non-linear) is made more fine-grained in Bounded Linear Logic (BLL) via
a family of modalities !,A where r is a polynomial term in N capturing the maximum number of times r
that a value A can be used [13]. The proof rules of BLL track upper-bounds on non-linear use via these
indices. Various works have generalised the indices of BLL’s modalities to arbitrary semirings [6} 11} 21]
(often referred to as coeffect systems). They provide a unified way to capture various program proper-
ties relating to dataflow via graded necessity modalities [1,A where r is drawn from a semiring. The
functional programming language GranuleF_-] provides a vehicle for exploring graded modal types (both
graded necessity and graded possibility, which can model side effects [17]]) alongside linear and indexed
types (GADTs) [20]. There are various similar systems in the recent literature: Abel and Bernardy give
an alternate graded modal calculus [[1] and Linear Haskell retrofits linearity onto the Haskell type sys-
tem [3]] via a graded type system akin to the coeffect calculus of Petricek et al. [21]]. The popularity of
graded types is growing and their practical implications are being explored in research languages (e.g.
Granule), and popular functional languages (e.g. Haskell [3] and Idris 2 [4])).

When programming with graded modal types, we have observed there is often a need to ‘distribute’
a graded modality over a type, and vice versa, in order to compose programs. That is, we may find
ourselves in possession of a [J,(Fa) value (for some parametric data type F) which needs to be passed to
a pre-existing function (of our own codebase or a library) which requires a F((J, &) value, or perhaps vice
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2 Deriving distributive laws for graded linear types

versa. A distributive law (in the categorical sense, e.g., [[25]) provides a conversion from one to the other.
In this paper, we present a procedure to automatically synthesise these distributive operators, applying a
generic programming methodology [14] to compute these operations given the base type (e.g., Fa in the
above description). This serves to ease the use of graded modal types in practice, removing boilerplate
code by automatically generating these ‘interfacing functions’ on-demand, for user-defined data types as
well as built-in types.

Throughout, we refer to distributive laws of the form O,(Fa) — F(O, ) as push operations (as
they ‘push’ the graded modality inside the type constructor F), and dually F(O,o) — O,(Fa) as pull
operations (as they ‘pull’ the graded modality outside the type constructor F).

The primary contributions of this paper are then:

* an overview of the application of distributive laws in the context of graded modal types;

* an automatic procedure for calculating distributive laws from types and a formal analysis of their
properties;

* a realisation of this approach in both Granule (embedded into the compiler) and Linear Haskell (ex-
pressed within the language itself, leveraging Haskell’s advanced features);

* and derivations of related combinators for structural use of values in a graded linear setting.

Along the way, we also analyse choices made around the typed-analysis of pattern matching in various
recent works on graded modal types. Through the comparison between Granule and Linear Haskell, we
also highlight ways in which Linear Haskell could be made more general and flexible in the future.

Section [2| defines a core calculus GRMINI? with linear and graded modal types which provides an
idealised, simply-typed subset of Granule with which we develop the core contribution. Section [3| gives
the procedure for deriving push and pull operators for the core calculus, and verifies that these are dis-
tributive laws of endofunctors over the [, graded comonadic modality. Section [4f describes the details
of how this procedure is realised in the Granule language. Section [5|relates this work to Linear Haskell,
and demonstrates how the push and pull combinators for user-defined data types may be automatically
generated at compile-time using Template Haskell. Section [6] gives a comparison of the recent literature
with regards the typed (graded) analysis of pattern matching, which is germane to the typing and deriva-
tion of our distributive laws. Section [/ covers how other structural combinators for Granule and Linear
Haskell may be derived. Finally, Section[§] discusses more related and future work.

We start with an extended motivating example typifying the kind of software engineering impedance
problem that distributive laws solve. We use Granule since it is the main vehicle for the developments
here, and introduce some of the key concepts of graded modal types (in a linear context) along the way.

1.1 Motivating example

Consider the situation of projecting the first element of a pair. In Granule, this first-projection is defined
and typed as the following polymorphic function (whose syntax is reminiscent of Haskell or ML):

fst : V {a b : Type} . (a, b [0]) — a

fst (x, [y]) = x
Linearity is the default, so this represents a linear function applied to linear ValuesEI However, the second
component of the pair has a graded modal type, written b [0], which means that we can use the value
“inside” the graded modality O times by first ‘unboxing’ this capability via the pattern match [y] which

2Granule uses — syntax rather than —o for linear functions for the sake of familiarity with standard functional languages
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allows weakening to be applied in the body to discard y of type b. In calculus of Section [2} we denote
‘v [0]” as the type [gb (Granule’s graded modalities are written postfix with the ‘grade’ inside the box).

The type for £st is however somewhat restrictive: what if we are trying to use such a function with
a value (call it myPair) whose type is not of the form (a, b [0]) but rather (a, b) [r] for some grading
term r which permits weakening? Such a situation readily arises when we are composing functional
code, say between libraries or between a library and user code. In this situation, fst myPair is ill-typed.
Instead, we could define a different first projection function for use with myPair : (a, b) [r] as:

fst’ : V {a b : Type, s : Semiring, r : s} . {0 < r} = (a, b) [r] — a

fst’ [(x, ] =x
This implementation uses various language features of Granule to make it as general as possible. Firstly,
the function is polymorphic in the grade r and in the semiring s of which r is an element. Next, a
refinement constraint 0 < r specifies that by the preordering < associated with the semiring s, that 0 is
approximated by r (essentially, that r permits weakening). The rest of the type and implementation looks
more familiar for computing a first projection, but now the graded modality is over the entire pair.

From a software engineering perspective, it is cumbersome to create alternate versions of generic
combinators every time we are in a slightly different situation with regards the position of a graded
modality. Fortunately, this is an example to which a general distributive law can be deployed. In this
case, we could define the following distributive law of graded modalities over products, call it pushPair:

pushPair : V {a b : Type, s : Semiring, r : s} . (a, b) [r] — (a [r], b [r])
pushPair [(x, y)] = ([x], [y])

This ‘pushes’ the graded modality r into the pair (via pattern matching on the modality and then rein-
troducing it on the right hand side via [x] and [y]), distributing the graded modality to each component.
Given this combinator, we can now apply fst (pushPair myPair) to yield a value of type a [r], on which
we can then apply the Granule standard library function extract, defined:

extract : V {a : Type, s : Semiring, r : s} . {(1 : s) < r} = a [r] — a
extract [x] = x

to get the original a value we desired:

extract (fst (pushPair myPair)) : a

The pushPair function could be provided by the standard library, and thus we have not had to write any
specialised combinators ourselves: we have applied supplied combinators to solve the problem.
Now imagine we have introduced some custom data type List on which we have a map function:

data List a = Cons a (List a) | Nil

map : V {a b : Type} . (a — b) [0..00] — List a — List b

map [f] Nil = Nil;

map [f] (Cons x xs) = Cons (f x) (map [f] xs)
Note that, via a graded modality, the type of map specifies that the parameter function, of type a — b is
non-linear, used between 0 and oo times. Imagine now we have a value myPairList : (List (a, b)) [r]
and we want to map first projection over it. But £st expects (a, b [0]) and even with pushPair we require
(a, b) [r]. We need another distributive law, this time of the graded modality over the List data type.
Since List was user-defined, we now have to roll our own pushList operation, and so we are back to
having to make specialised combinators for our data types.

The crux of this paper is that such distributive laws can be automatically calculated given the defi-

nition of a type. With our Granule implementation of this approach (Section ), we can then solve this
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combination problem via the following composition of combinators:

map (extract . fst . push @(,)) (push @List myPairList) : List a

where the push operations are written with their base type via e (a type application) and whose definitions
and types are automatically generated during type checking. Thus the push operation is a data-type
generic function [14]. This generic function is defined inductively over the structure of types, thus a
programmer can introduce a new user-defined algebraic data type and have the implementation of the
generic distributive law derived automatically. This reduces both the initial and future effort (e.g., if an
ADT definition changes or new ADTs are introduced).

Dually to the above, there are situations where a programmer may wish to pull a graded modality out
of a structure. This is possible with the dual distributive law above, which could be written by hand as:

pullPair : V {a b : Type, s : Semiring, mn : s} . (a [n], b [m]) — (a, b) [n M m]
pullPair ([x], [yl) = [(x, y)]

Note that the resulting grade is defined by the greatest-lower bound (meet) of n and m, if it exists as
defined by a preorder for semiring s (that is, I is not a total operation). This allows some flexibility in
the use of the pull operation when grades differ in different components but have a greatest-lower bound
which can be ‘pulled out’. Our approach also allows such operations to be generically derived.

2 Core calculus, GRMINI®

We define here a simplified monomorphic subset of Granule, which we call the GRMINI® calculusﬂ
This calculus extends the linear A-calculus with a semiring graded necessity modality [20] where for a
preordered semiring (Z, *, 1,+,0,C) (that is, a semiring with a pre-order C where + and * are mono-
tonic with respect to ) there is a family of types {{J,A},c». Granule allows multiple semirings to be
used simultaneously within a program, but we focus here on just one graded modality, parameterising
the language. We also include notions of data constructor and their elimination via case expressions as a
way to unify the handling of regular type constructors.
The syntax of GRMINI® terms and types is given by:

tu=x|nty | Axt | [t] | Cty...t, | casetof py — t1;.;pp+— 1, | letrecx = tinzr,  (terms)

pi=x|_|1[p] | Cpo...pn (patterns)
AB:=A—-B|a|A®B|A®B|1|0A | uXA|X (types)
C :=unit |inl|inr]| (,) (data constructors)

Terms of GRMINI” consist of those of the linear A-calculus, plus a promotion construct [¢] for intro-
ducing a graded modality, data constructor introduction and elimination Cty ... t,,, as well as recursive let
bindings (letrec). We will give more insights into the syntax via their typing rules. Types comprise linear
function types, type variables (o), multiplicative products, additive sums, unit types, graded modal types,
recursive types, and recursion variables (X) (which must be guarded by a u binding). Type variables are
used in our derivation procedure but are treated here as constants by the core calculus, without any rules
relating to their binding or unification.

3GRMINI® is akin to the GRMINI calculus given by Orchard et al. [20] but we include here the notions of data type
constructors, eliminations, and pattern matching since these are important to the development here.
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F,x:Al—tlB I''tt1:A—B IbEHn: A
— VAR ABS APP
x:AFx:A I'Axt:A—oB I'N+Ihktt:B
Ix:AFt:B I'kFz:A [Fz:A
———— DER ———— WEAK PR
[x:[AlF1:B [AgHt:A r«[[]F[f]:0A
[x:[A],T'Ft:A rCs Ix:AFf:A I'x:AFt:B
- APPROX - - LETREC
ox:[Al,T"Ft:A I'+I"Fletrecx = f1inf : B
(C:By—...— B, —A)€D I'~t:A -Fpi:A> A T',AFt:B
CON v CASE
OFHC:By—o...—oB,—A I'+I"Fcasetof py—t1;.;pn—t,: B

Figure 1: Typing rules for GRMINI”

2.1 Typing

Typing is via judgments of the form I' -7 : A, assigning a type A to term ¢ under the context I'. Typing
contexts I' contain linear or graded assumptions given by the grammar:

Fu=0|Tx:A|T,y:[A],

where x is a linear assumption and where y is an assumption graded by r drawn from the preordered
semiring (called a graded assumption). This delineation of linear and graded assumptions avoids issues
with substitution under a promotion, following the technique of Terui’s discharged assumptions [26].
Linear assumptions (including those of a graded modal type [J,A) must therefore be used exactly once,
whilst graded assumptions may be used non-linearly subject to the constraint of r.

Figure[I] gives the typing rules. We briefly explain each rule in turn.

The VAR, ABS and APP rules follow the standard rules for the linear A-calculus, modulo the context
addition operation I' +I" which is used in the rules any time the contexts of two subterms need to be
combined. Context addition acts as union on disjoint linear and graded assumptions but is defined via
semiring addition when a graded assumption appears in both contexts:

(Tox: [A]) + (s [A]) = (D4 ), 4]

Context addition + is undefined in the case of contexts whose linear assumptions are not-disjoint, en-
forcing the lack of contraction on linear assumptions.

The next rules relate to grading. Structural weakening is provided by (WEAK) for assumptions graded
by 0 and ‘dereliction’ (DER) converts a linear assumption to a graded assumption, graded by 1. Graded
modalities are introduced by ‘promotion’ (PR), scaling graded assumptions in I" via semiring multiplica-
tion defined on contexts containing only graded assumptions as:

r«@0 =0 ¥k (F,XI I:A]\) = (I‘*F),Xﬁ [A](r*s)

In the (PR) rule, [I'] denotes contexts with only graded assumptions. The APPROX rule captures grade
approximation, allowing a grade s to be converted to another grade r, on the condition that r approximates
s, via the relation C as provided by the semiring’s preorder.

The LETREC rule provides recursive bindings in the standard way.
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'I—piiB,’DFi rl—p:Al>F
———— PVAR PCoON PBOX
‘Fx:Ap>x:A -ECp1.py: ATy, ... T, Hp:0A>T
rtp;:B;>T; Al >1=1Cr 0Cr
[PVAR] [PCON] ————— [PWILD]
rex: A x:[A], reCpi.pn: A>T, .., I, rE_tAp0

Figure 2: Pattern typing rules for GRMINI®

Data constructors with zero or more arguments are introduced via the CON rule. Here, the constructors
that concern us are units, products, and coproducts (sums), given by D, a global set of data constructors
with their types, defined:

D ={unit}U{(,):A—B—-A®B|VA,B}U{inl:A—A & B|VA,B}U{inr:B— A ® B|VA,B}

Constructors are eliminated by pattern matching via the CASE rule. Patterns p are typed by judgments of
the form 7rF p : A > A meaning that a pattern p has type A and produces a context of typed binders A
(used, e.g., in the typing of the case branches). The ?r to the left of the turnstile denotes optional grade
information arising from being in an unboxing pattern and is syntactically defined as either:

rou=-|r (enclosing grade)

where - means the present pattern is not nested inside an unboxing pattern and r that the present pattern
is nested inside an unboxing pattern for a modality with grade r.

The rules of pattern typing are given in Figure [2| The rule (PB0OX) provides graded modal elimi-
nation (an ‘unboxing’ pattern), propagating grade information into the typing of the sub-pattern. Thus
case ¢ of [p] — ¢ can be used to eliminate a graded modal value. Variable patterns are typed via two
rules depending on whether the variable occurs inside an unbox pattern ([PVAR]) or not (PVAR), with
the [PVAR] rule producing a binding with the grade of the enclosing box’s grade r. As with variable
patterns, constructor patterns are split between rules for patterns which either occur inside an unboxing
pattern or not. In the former case, the grade information is propagated to the subpattern(s), with the ad-
ditional constraint that if there is more than one data constructor for the type A (written |A| > 1), then the
grade r must approximate 1 (written 1 C r) as pattern matching incurs a usage to inspect the constructor
(discussed further in Section @) The operation |A| counts the number of data constructors for a type:

=1 A—B|=1 [DA|=1A] 4@ B|=2(A|+|B]) |A®B|=A|B| |uX.A|l=|AuX.A/X]

and |X| is undefined (or effectively 0) since we do not allow unguarded recursion variables in types. A
type A must therefore involve a sum type for |A| > 1.

Since a wildcard pattern _ discards a value, this is only allowed inside an unboxing pattern where the
enclosing grade permits weakening, captured via O C r in rule [PWILD].

We now provide two examples of graded modalities. In addition to those shown here, Granule also
provides graded modalities with semirings of security-level lattices and “sensitivities” akin to DFuzz [9].

Example 2.1. The natural numbers semiring (N, %, 1,+,0,=) provides exact usage where the preorder
is equality =. Graded modalities in this semiring count the number of times a value is used. As a simple
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example, we can define a function which copies its input value to produce a pair of values:

copy:[hA = (A® A)
copy = ALy.case y of [x] = (x,x)

The capability to use a value of type A twice is captured by the graded modality. In the body of the
abstraction, variable y : [>bA must be used linearly; y is used linearly in the case which eliminates the
graded modality to yield a graded assumption x : [A], which can be used twice to form the resulting pair.

Example 2.2. BLL-style grading with upper bounds on usages can be obtained by replacing the equality
relation in the N-semiring with a less-than-equal ordering, giving a notion of approximation. This is
useful for programs that use variables differently in control-flow branches, e.g., when eliminating a sum
type. This notion is further refined by the semiring of natural number intervals, which captures lower
and upper bounds on usages. Intervals are given as pairs N X N written r..s, where r and s represent the
lower and upper bounds respectively, with » <s, 0 = 0..0 and 1 = 1..1. Ordering is given by (r..s) <
(r'..s') =7 <rAs<s. Using this, we can define the following function to eliminate a coproduct via a
pair of functions each of which is used either O or 1 times:

@e : Upp.1)(A —C) —oUjg.1j(B—C) <= (A®B) = C
®e = Af'.Ag' Az.case f of [f] — case g’ of [g] — case z of inl x — fx;inry — gy

2.2 Equational theory

Figure [3| defines an equational theory for GRMINI?. The equational theory is typed, but for brevity we
elide the typing for most cases since it follows exactly from the structure of the terms. The full typed
rules are provided in the Appendix For those rules which are type restricted, we include the full
typed-equality judgment here. The typability of these equations relies on previous work on the Granule
language which proves that pattern matching and substitution are well typed [20].

The B and 7 rules follow the standard rules from the A-calculus, where # is a freshness predicate,
denoting that variable x does not appear inside term .

For recursive letrec bindings, the ... rule substitutes any occurrence of the bound variable x
in #, with letrec x = ¢, in 7], ensuring that recursive uses of x inside #; can be substituted with #;
through subsequent B, reduction. The LETRECDISTRIB rule allows distributivity of functions over
letrec expressions, stating that if a function f can be applied to the entire letrec expression, then this is
equivalent to applying f to just the body term #,.

Term elimination is via case, requiring rules for both - and n-equality on case expressions, as well
as rules for associativity and distributivity. In Bea, a term ¢ is matched against a pattern p; in the context
of the term ¢; through the use of the partial function (¢ > p;)f; = ¢’ which may substitute terms bound in
pj into 7 to yield ¢ if the match is successful. This partial function is defined inductively:

N . (t>p)f =1" . (ti>pi)t; = 144
— var
(t> ) =1 (t>x)f = [t/x]t’ ([ [phf =1" (Cti, sty > Cpyccpp)t] = By

Bc

As a predicate to the Bcqs. rule, we require that j be minimal, i.e. the first pattern p; in p;...p, for which
(t > pj)ty = t" is defined. Rule 74, states that if all branches of the case expression share a common
term t, which differs between branches only in the occurrences of terms that match the pattern used, then
we can substitute #; for the pattern inside 7;.
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(A,x.tz) n = tz[t] /x] ﬁ

Axtx =t (x#t) M

letrec x = 1, inf, = n[letrec x = 1y in 7y /x| Bietrec

f(letrecx = 11 inty) = letrecx = 1, in (f1) LETRECDSITRIB
caserof p; — 1; = (1>p))t; (minimal(})) Bease

case 7 Ofpi — D Lpi/z] =0 [tl /Z] Ncase

case (case 7 of p; — 7;) of p — 1. = case r of p; — (case t; of p} — 1}) CASEASSOC
f(caserof p; —1;) = caserof p; — (ft;) CASEDISTRIB

case [case 7 of p; — 7;] of [p!] — 1. = case [1] of [p;] — case [1;] of [pl] = 1. (lin(p;)) [CASEASSOC]

l

I't+:0,A EpitAD A AibpiiA 1Cr
CASEGEN

I'tcasetof [p;] — p;=caserof [x] - x:A

Figure 3: Equational theory for GRMINI”

Associativity of case expressions is provided by the CASEASSOC rule. This rule allows us to re-
structure nested case expressions such that the output terms #; of the inner case may be matched against
the patterns of the outer case, to achieve the same resulting output terms ;. The [CASEASSOC] rule
provides a graded alternative to the CASEASSOC rule, where the nested case expression is graded, pro-
vided that the patterns p of the outer case expression are also graded. Notably, this rule only holds when
the patterns of the inner case expression are linear (i.e., variable or constant) so that there are no nested
box patterns, represented via the lin(p;) predicate. As with letrec, distributivity of functions over a case
expression is given by CASEDISTRIB.

Lastly generalisation of an arbitrary boxed pattern to a variable is permitted through the CASEGEN
rule. Here, a boxed pattern [p;] and the output term of the case may be converted to a variable if the
output term is equivalent to the pattern inside the box. The term ¢ being matched against must therefore
have a grade approximatable by 1, as witnessed by the predicate 1 C r in the typing derivation.

3 Automatically deriving push and pull

Now that we have established the core theory, we describe the algorithmic calculation of distributive
laws in GRMINT”. Note that whilst GRMINI” is simply typed (monomorphic), it includes type variables
(ranged over by ) to enable the distributive laws to be derived on parametric types. In the implementa-
tion, these will really be polymorphic type variables, but the derivation procedure need only treat them
as some additional syntactic type construct.

Notation Let F: Type” — Type be an n-ary type constructor (i.e. a constructor which takes n type
arguments), whose free type variables provide the n parameter types. We write Fo; for the application of
F to type variables o; forall 1 <i < n.
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Push We automatically calculate push for F applied to n type variables ¢;; as the operation:

[[Fﬁiﬂpush : DrFﬁz —0 F(DrOCi>

where we require 1 C r if |[Fa;| > 1 due to the [PCON] rule (e.g., if F contains a sum).

0
pus

mediate interpretation [[A]]ﬁush where X is a context of push combinators for the recursive variable types:

For types A closed with respect to recursion variables, let [A],ush = A2.[A]] o,z given by an inter-

[[1]]§ush z = case z of [unit] — unit

[[a]]igush 1=z
[XT5ush 2 =Z(X)

A @B]]%ush z=-casezof [inlx]— inl [[A]]gush [x]; [inry] —inr [[B]]%ush [v]

[[A ®B]]§ush z=case z of [(X,y)] - ([[A]]Eush [x}v [[B]]%ush [y])
[A o Blpush 2 = Ay.case z of [f] — case [A 5,y y of [u] — [Blgusn[(f )]

[[uX.A]]%ush z=letrec f = [[A]]ﬁ[ﬁ?f:”x'm’Aw(“X‘A)[D’a"/a"] infz

In the case of push on a value of type 1, we pattern match on the value, eliminating the graded modality
via the unboxing pattern match and returning the unit value. For type variables, push is simply the
identity of the value, while for recursion variables we lookup the X’s binding in ¥ and apply it to the
value. For sum and product types, push works by pattern matching on the type’s constructor(s) and then
inductively applying push to the boxed arguments, re-applying them to the constructor(s). Unlike pull
below, the push operation can be derived for function types, with a contravariant use of pull. For recursive
types, we inductively apply push to the value with a fresh recursion variable bound in X, representing a
recursive application of push.

There is no derivation of a distributive law for types which are themselves graded modalities (see
further work discussion in Section g).

Appendix [B|proves that [A] ush is type sound, i.e., its derivations are well-typed.

Pull We automatically calculate pull for F applied to n type variables @; as the operation:

[F Ei]]pull :F (Uro) —o D/\;’:lri(F o)

Type constructor F here is applied to n arguments each of the form [, ¢, i.e., each with a different
grading of which the greatest-lower boun(ﬂ A7 ri is the resulting grade (see pullPair from Section.

4The greatest-lower bound A is partial operation which can be defined in terms of the semiring’s pre-order: ¥ As =t ift C r,
¢t C s and there exists no other ¢/ where #/ C rand ¢’ Csand s C ¢
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For types A closed with respect to recursion variables, let [A]u = Az. [[A]]gu”z where:

[[lﬂpu” z = case z of unit — [unit]
[o] pull £ =2
[XD5u 2= 2(X) z
[[A@Bﬂpuuz—casezof inl x — case [[A]] o X of [u] = [inl u;

inr y — case [[B]]pu” y of [v] — [inr v]
[A® Bl z = case z of (x,y) — case ([A];y ¥, [Bl5un y) 0 ([ 1, ) = [(u,v)]

Z,XHfZﬂXAA[D,-iOt,'/OC,' _OD/\I_I ],

(UX.A) |
[ux A]}puu z=letrec f =[A] = ln fz

Just like push, we cannot apply pull to graded modalities themselves. Unlike push, we cannot apply pull
to function types. That is, we cannot derive a distributive law of the form ((J,A — [J,B) — [J,(A — B)
since introducing the concluding OJ, would require the incoming function ((J,A — [J,B) to itself be
inside [, due to the promotion rule (PR), which does not match the type scheme for pull.

The rest of the derivation above is similar but dual to that of push.

Appendix Bfproves that [A] ,u is type sound, i.e., its derivations are well-typed.

Example 3.1. To illustrate the above procedures, the derivation of [(&¢ ® o) —o B]push is:

[(c®a) —o Blgush : Or((@@ @) — B) — (O,a@0,a) — 0,B)
= Ay.case z of [f] — case [a® aJgu v of [u] = [B]Ruen[(f )]

= Ay.case z of [f] — case (case y of (x',y") —

case ([apu ¥, [ gy ') of ([u], [V]) = [(u,v)]) of [u] = [BIGyeh[(f w)]
= Ay.case z of [f] — case (case y of (x',)y') — case (x',y") of ([u],[v]) — [(u,v)]) of [u] = [(f u)]

Remark 1. One might ponder whether linear logic’s exponential !A [12] is modelled by the graded
necessity modality over N intervals, i.e., with A £ [y ..A. This is a reasonable assumption, but [y A
has a slightly different meaning to !A, exposed here: whilst [A ® B]push : [o..o(A ® B) —o (Hp.wA ®
o....B) is derivable in GRMINI?, linear logic does not permit !(A ® B) —o (!A®!B). Models of ! provide
only a monoidal functor structure which gives pull for ®, but not push [2].

The algorithmic definitions of ‘push’ and ‘pull’ can be leveraged in a programming context to au-
tomatically yield these combinators for practical purposes. We discuss how this is leveraged inside the
Granule compiler in Section ] and two techniques for leveraging it for Linear Haskell in Section [5
Before that, we study the algebraic behaviour of the derived distributive laws.

3.1 Properties

We consider here the properties of these derived operations. Prima facie, the above push and pull opera-
tions are simply distributive laws between two (parametric) type constructors F and [J,, the latter being
the graded modality. However, both F and [J, have additional structure. If the mathematical terminology
of ‘distributive laws’ is warranted, then such additional structure should be preserved by push and pull
(e.g., as in how a distributive law between a monad and a comonad must preserve the behaviour of the
monad and comonad operations after applying the distributive law [23]]); we explain here the relevant
additional structure and verify the distributive law properties.
Firstly, we note that these distributive laws are mutually inverse:
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Proposition 3.1 (Pull is right inverse to push). For all n-arity types F which do not contain function
types, then for type variables (0;)c(o..n) and for all grades r € % where 1 Cr if [Fog| > 1, then:

[[F ai]]pull([[l: Ei]]push) =id : DrFﬁz - DrFal

Proposition 3.2 (Pull is left inverse to push). For all n-arity types F which do not contain function types,
then for type variables (0)ic(o..n) and for all grades r € % where 1 Cr if [Fag| > 1, then:

[F 0] push ([F ®illpun) = id : F(O,0) — F(O, @)

Appendix gives the proofs, leveraging the equational theory of GRMINI’.
Applying a mathematical perspective, [, is also an endofunctor with its object mapping provided by
the type constructor itself and its morphism mapping behaviour defined as follows:

Definition 3.1 (CJ, functor). Given a function f : o —o 3 (a closed function term) then OJ, f : (J,00 — [, 8
is the morphism mapping of the endofunctor [J, defined:

O, f = Ax.case x of [y] — [f]

For types Fo we can also automatically derive the morphism mapping of a covariant functor, which we
write as [F&[fmap Whose definition is standard (e.g., applied in Haskell [19]) given in Appendix
Distributive laws between endofunctors should be natural transformations, which is indeed the case for
our derivations:

Proposition 3.3 (Naturality of push). For all unary type constructors F such that [Fot]push is defined,
and given a closed function term f : ot —o B, then: [,F]fmapf o [FO]push = [FBlpush © [Flmaplrf, i.e.:

F us!
a O Fa — e e
fi DruFaﬂfmapfi \L[[Faﬂfmapmrf
B O,F FO,
B HFBﬂpush B

Proposition 3.4 (Naturality of pull). For all unary type constructors F such that [Fo(] oy is defined, and
given a closed function term f : o0 —o B, then: [,F]mapf o [FO]puil = [FBlpuit © [FlfmapD-f, i.e.:

[Fopun

o FO, ————— O, Fa
fl [[F]]fmap‘:lrfi \LDr[[F]]fmapf
FO, 0,F
P [FBTpun B

Appendix [C.2] gives the proofs. Note that the naturality results here are for cases of unary type construc-
tors F that are covariant functors, written with a single parameter ¢. This can easily generalise to n-ary
contravariant type constructors.

Not only is [J, an endofunctor but it also has the structure of a graded comonad (10, (18,21}, [22].
Definition 3.2 (Graded comonadic operations). The GRMINI’ calculus (and Granule) permits the deriva-
tion of graded comonadic operations [20] for the semiring graded necessity [J,, defined:

€1:0jA > A= Axcasexof 7] =z
85, OrasA — 0,00,A = Ax.case x of [z] — [[2]]
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The derived distributive laws preserve these graded comonadic operations i.e., the distributive laws are
well-behaved with respect to the graded comonadic structure of [J,, captured by the following properties:

Proposition 3.5 (Push preserves graded comonads). For all F such that [Fo;] push is defined and F does
not contain —o (to avoid issues of contravariance in F) then:

FT us| — — Fil usi —_
DlFﬁim FDlai Dr*sFai (Feilpus FDr*sai
sl % sl |Fs.
Fo: o . .
a; U,0sFog oo U.FOs o [Foilom FO,Us 0

Proposition 3.6 (Pull preserves graded comonads). For all F such that [FoG]pu is defined then:

Foi], - FGG]pu -
Ll W (Fepu FOm 0
t l / Sm l l F(er
Fe ’

Fo; — — —
Q; O,0,Fo; 5 o O, FO, o Foilom FO,Os 04

Appendix [C.3| gives the proofs.

4 Implementation in Granule

The algorithmic derivation of push and pull distributive laws in the previous section is implemented
within the Granule compiler (in its type checker). Whilst the syntax of GRMINI® types had unit, sum,
and product types as primitives, in Granule these are provided by a more general notion of type construc-
tor which can be extended by user-defined, generalized algebraic data types (GADTSs). The procedure
outlined in Section [3|is therefore generalised slightly so that it can be applied to any data type: the case
for A @ B is generalised to types with an arbitrary number of constructors.

The user interface to our deriving mechanism is via explicit (visible) type application (akin to that
provided in GHC Haskell [8]) on reserved names push and pull. Written push @T or pull T, this signals
to the compiler that we wish to derive the corresponding distributive laws at the type T. For example,
for the List : Type — Type data type from the standard library, we can write the expression push @List
which the type checker recognises as a function of type:

push @List : V {a : Type, s : Semiring, r : s} . {1 < r} = (List a) [r] — List (a [r])

Note this function is not only polymorphic in the grade, but polymorphic in the semiring itself. Granule
identifies different graded modalities by their semirings, and thus this operation is polymorphic in the
graded modality. When the type checker encounters such a type application, it triggers the derivation
procedure of Section[3] which also calculates the type, and which is then stored in the state of the frontend
to be passed to the interpreter (or compiler) after type checking. The derived operations are memoized so
that they need not be re-calculated if a particular distributive law is required more than once. Otherwise,
the implementation largely follows Section |3| without surprises, apart from some additional machinery
for specialising the types of data constructors coming from (generalized) algebraic data types.
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Examples Section [1| motivated the crux of this paper with a concrete example, which we can replay
here in concrete Granule, using its type application technique for triggering the automatic derivation of
the distributive laws. Previously, we defined pushPair by hand which can now be replaced with:

push @(,) : V {a, b : Type, s : Semiring, r : s} . (a, b) [r] — (a [r], b [r])

Note that in Granule (,) is an infix type constructor for products as well as terms. We could then replace
the previous definition of £st> from Section ] with:

fst’ : V {a, b : Type, r : Semiring} . {0 < r} = (a, b) [r] — a
fst’ = let [x’] = fst (push @(,) x) in x’

The point however in the example is that we need not even define this intermediate combinator, but can
instead write the following wherever we need to compute the first projection of myPair : (a, b) [rl:

extract (fst (push @(,) myPair)) : a

We already saw that we can then generalise this by applying this first projection inside of the list
myPairList : (List (a, b)) [r] directly, using push @List.

In a slightly more elaborate example, we can use the pull combinator for pairs to implement a
function that duplicates a pair (given that both elements can be consumed twice):

copyPair : V {a, b : Type} . (a [0..2], b [2..4]) — ((a, b), (a, b))
copyPair x = copy (pull @(,) x) -- where, copy : a [2] — (a, a)

Note pull here computes the greated-lower bound of intervals 0..2 and 2. .4 which is 2. .2, i.e., we can
provide a pair of a and b values which can each be used exactly twice, which is what is required for copy.

As another example, interacting with Granule’s indexed types (GADTs), consider a simple program-
ming task of taking the head of a sized-list (vector) and duplicating it into a pair. The head operation
istyped: head : V {a : Type, n : Nat} . (Vec (n + 1) a) [0..1] — a which has a graded modal input
with grade 0. .1 meaning the input vector is used O or 1 times: the head element is used once (linearly)
for the return but the tail is discarded.

This head element can then be copied if it has this capability via a graded modality, e.g., A value of
type (Vec (n + 1) (a [2])) [0..1] permits:

copyHead’ : V {a : Type, n : Nat} . (Vec (n + 1) (a [2])) [0..1] — (a, a)
copyHead’ xs = let [y] = head xs in (y, y) -- [y] unbozes (a [2]) to y:a usable twice

Here we “unbox” the graded modal value of type a [2] to get a non-linear variable y which we can use
precisely twice. However, what if we are in a programming context where we have a value vec (n + 1) a
with no graded modality on the type a? We can employ two idioms here: (i) take a value of type
(Vec (n + 1) a) [0..2] and split its modality in two: (Vec (n + 1) a) [2] [0..1] (ii) then use push on
the inner graded modality [2] to get (Vec (n + 1) (a [2]1)) [0..1].

Using push @Vec we can thus write the following to duplicate the head element of a vector:
copyHead : V {a : Type, n : Nat} . (Vec (n + 1) a) [0..2] — (a, a)
copyHead = copy . head . boxmap [push @Vec] . disject
which employs combinators from the standard library and the derived distributive law, of types:

boxmap : V{ab: Type, s : Semiring, r : s} . (@ = b)) [r] —- a [r] - b [r]
disject : V {a : Type, s : Semiring, nm : s} .a[m=*n] - (a [n]) [m]
push @Vec : V {a : Type, n : Nat, s : Semiring, r : s} . (Vec n a) [r] — Vec n (a [r])
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S Application to Linear Haskell

While Granule has been pushing the state-of-the-art in graded modal types, similar features have been
added to more mainstream languages. Haskell has recently added support for linear types via an underly-
ing graded system which enables linear types as a smooth extension to GHC’s current type system [3]E]
Functions may be linear with respect to their input (meaning, the function will consume its argument ex-
actly once if the result is consumed exactly once), but they can also consume their argument r times for
some multiplicity r via explicit ‘multiplicity polymorphism’. Unlike Granule, Linear Haskell limits this
multiplicity to the set of either one or many (the paper speculates about extending this with zero)—full
natural numbers or other semirings are not supported.

In Linear Haskell, the function type (a %r -> b) can be read as “a function from a to b which uses
a according to r” where r is either 1 (also written as ’One) or @ (written as ’Many). For example, the
following defines and types the linear and non-linear functions swap and copy in Linear Haskell:

1 {-# LANGUAGE LinearTypes #-}
> import GHC.Types

4 swap :: (@ %1l ->b %1l ->c) %1 > (b %1l ->a %l > c)
s swap fxy=£fyx

7 copy :: a %’Many -> (a, a)

g copy x = (x, x)
Assigning the type a %1 -> (a, a) to copy would result in a type error due to a mismatch in multiplicity.

The approach of Linear Haskell (as formally defined by Bernardy et al. [3]]) resembles earlier coeffect

systems [11} 21]] and more recent work on graded systems which have appeared since [, [7]. In these
approaches there is no underlying linear type system (as in Granule) but grading is instead pervasive
with function arrows carrying a grade describing the use of their parameter. Nevertheless, recent systems
also provide a graded modality as this enables more fine-grained usage information to be ascribed to
compound data. For example, without graded modalities it cannot be explained that the first projection
on a pair uses the first component once and its second component not at all (instead a single grade
would have to be assigned to the entire pair). We can define a graded modality in Linear Haskell via the
following Box data type that is parameterized over the multiplicity r and the value type a, defined as:

| data Box r a where { Box :: a %r -> Box r a }

A Box type is necessary to make explicit the notion that a value may be consumed a certain number of
times, where ordinarily Linear Haskell is concerned only with whether individual functions consume
their arguments linearly or not. Thus, distributive laws of the form discussed in this paper then become
useful in practice when working with Linear Haskell.

The pushPair and pullPair functions from Section[I|can then be implemented in Linear Haskell with
the help of this Box type:

I pushPair :: Box r (a, b) %1 -> (Box r a, Box r b)
> pushPair (Box (x, y)) = (Box x, Box y)

I pullPair :: (Box r a, Box r b) %1 -> Box r (a, b)
> pullPair (Box x, Box y) = Box (x, y)

Interestingly, pushPair could also be implemented as a function of type (a, b) %r -> (Box r a, Box r b),
and in general we can formulate push combinators typed (£ a) %r-> £ (Box r a), i.e., consuming the in-

SReleased as part of GHC v9.0.1 in Feburary 2021 https://www.haskell.org/ghc/download_ghc_9_0_1.html
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put r times, returning a box with multiplicity r, but we stick with the above formulation for consistency.
While more sophisticated methods are outlined in this paper for automatically synthesizing these
functions in the context of Granule, in the context of Linear Haskell (which has a simpler notion of
grading) distributive laws over unary and binary type constructors can be captured with type classes:
I class Pushable f where
2 push :: Box r (f a) %1-> £ (Box r a)

3 class Pushable2 f where
4 push2 :: Box r (f a b) %1-> £ (Box r a) (Box r b)

6 class Pullable f where

7 pull :: £ (Box r a) %1-> Box r (f a)

8 class Pullable2 f where

9 pull2 :: f (Box r a) (Box r b) %1-> Box r (f a b)

Separate classes here are defined for unary and binary cases, as working generically over both is tricky
in Haskell. Implementing an instance of Pushable2 for pairs is then:

| instance Pushable2 (,) where
2 push2 (Box (x, y)) = (Box x, Box y)

This implementation follows the procedure of Section[3] A pair type A ® B is handled by pattern matching
on (Box (x, y)) and boxing both fields in the pair (Box x, Box y).

A Haskell programmer may define instances of these type classes for their own data types, but as
discussed in Section |1} this is tedious from a software engineering perspective. Template Haskell is a
meta-programming system for Haskell that allows compile-time generation of code, and one of the use
cases for Template Haskell is generating boilerplate code [24)]. The instances of Pushable and Pullable
for algebraic data types are relatively straightforward, so we implemented procedures that will automat-
ically generate these type class instances for arbitrary user-defined types (though types with so-called
“phantom” parameters are currently not supported).

For example, if a programmer wanted to define a Pushable instance for the data type of a linear
List a, they would write:

| data List a where

2 Cons :: a %1-> List a %1-> List a

3 Nil :: List a

i $(derivePushable ’’List)
Here, derivePushable is a Template Haskell procedure that takes a name of a user-defined data type
and emits a top-level declaration, following the strategy outlined in Section [3} For the List a data type
above, we can walk through the type as derivePushable would. Because List a has two constructors, a
case statement is necessary (our code generator will use a ‘case lambda’). This case will have branches
for each of the Cons and Nil constructors—in the body of the former it must box the first field (of type
a) and recursively apply push to the second field (of type List a) after boxing it, and in the body of the
latter it must simply return Nil. The full code generated by derivePushable ’’List is given below.

| derivePushable ’’List

instance Pushable List where
4 push
5 = \case
6 Box (Cons match_a4BD match_a4BE)
7 -> (Cons (Box match_a4BD)) (push (Box match_a4BE))
8 Box Nil -> Nil
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Later, in Section |/} we will discuss other combinators and type classes that are useful in Linear Haskell.

The applicability of our proposed deriving method to Haskell shows that it is useful beyond the
context of the Granule project. Despite Haskell not having a formal semantics, we believe the same
equational reasoning can be applied to show that the properties in Section [3.1| also hold for these dis-
tributive laws in Linear Haskell. As more programming languages adopt type system features similar to
Granule and Linear Haskell, we expect that deriving/synthesizing or otherwise generically implementing
combinators derived from distributive laws will be increasingly useful.

6 Typed-analysis of consumption in pattern matching

This paper’s study of distributive laws provides an opportunity to consider design decisions for the typed
analysis of pattern matching since the operations of Section |3|are derived by pattern matching in concert
with grading. We compare here the choices made surrounding the typing of pattern matching in four
works (1) Granule and its core calculus [20] (2) the graded modal calculus A?” of Abel and Bernardy [/1]
(3) the dependent graded system GRAD of Choudhury et al. [[7] and (4) Linear Haskell [3]].

Granule Pattern matching against a graded modality (J,A (with pattern [p]) in Granule is provided
by the PBOX rule (Figure |2)) which triggers typing pattern p ‘under’ a grade r at type A. This was
denoted via the optional grade information r = p : A > I which then pushes grading down onto the
variables bound within p. Furthermore, it is only under such a pattern that wildcard patterns are allowed
([PWILD]), requiring OC r, i.e., r can approximate O (where 0 denotes weakening). None of the other
systems considered here have such a facility for weakening via pattern matching.

For a type A with more than one constructor (JA| > 1), pattern matching its constructors underneath
an r-graded box requires 1 Cr. For example, eliminating sums inside an r-graded box [J,(A @ B) re-
quires 1 Cr as distinguishing inl or inr constitutes a consumption which reveals information (i.e., pattern
matching on the ‘tag’ of the data constructors). By contrast, a type with only one constructor cannot con-
vey any information by its constructor and so matching on it is not counted as a consumption: eliminating
[J,(A ® B) places no requirements on r. The idea that unary data types do not incur consumption (since
no information is conveyed by its constructor) is a refinement here to the original Granule paper as de-
scribed by Orchard et al. [20]], which for [PCON] had only the premise 1 C r rather than |[A| > 1 = 1 Cr
here (although the implementation has already reflected this idea).

The A? calculus Abel and Bernardy’s unified modal system A? is akin to Granule, but with pervasive
grading (rather than base linearity) akin to the coeffect calculus [21] and Linear Haskell [3] (discussed
in Section [5). Similarly to the situation in Granule, A? also places a grading requirement when pattern
matching on a sum type, given by the following typing rule in their syntax [1} Fig 1, p.4]:

MhHt:A1+A; (SF,XinAil_uiZC qg<1
(qy+ 6)I' - case? t of {injx1 — upsinjpxa —up}: C

+-ELIM

The key aspects here are that variables bound in the case are used with grade g as denoted by the graded
assumption x; :7 A; in the context of typing u; and then that ¢ < 1 which is exactly our constraint that
1 Cr (their ordering just runs in the opposite direction to ours). For the elimination of pair and unit
types in AP there is no such constraint, matching our idea that arity affects usage, captured in Granule by
|A| > 1 = 1L r. Their typed-analysis of patterns is motivated by their parametricity theorems.
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GRAD The dependent graded type system GRAD of Choudhury et al. also considers the question of
how to give the typing of pattern matching on sum types, with a rule in their system [[7, p.8] which closely
resembles the +-ELIM rule for A?:

AT Fqg:Ai®A, A Fb AL SB A Fby:A LB 1< grnsn
A;q-T' +T, - case, aof by;by : B

The direction of the preordering in GRAD is the same as that in Granule but, modulo this ordering and
some slight restructuring, the case rule captures the same idea as A?: “both branches of the base analysis
must use the scrutinee at least once, as indicated by the 1 < g constraint.” [/, p.8]. Choudhury et al.,
also provide a heap-based semantics which serves to connect the meaning of grades with a concrete
operational model of usage, which then motivates the grading on sum elimination here. In the simply-
typed version of GRAD, matching on the components of a product requires that each component is
consumed linearly.

Linear Haskell The paper on Linear Haskell by Bernardy et al. [3]] has a case expression for eliminat-
ing arbitrary data constructors, with grading similar to the rules seen above. Initially, this rule is for the
setting of a semiring over Z = {1, @} (described in Section |5)) and has no requirements on the grading
to represent the notion of inspection, consumption, or usage due to matching on (multiple) constructors.
This is reflected in the current implementation where we can define the following sum elimination:

I match :: (Either a b) %r -> (a %1 -> ¢) => (b %1 -> ¢c) > ¢

match (Left x) £ _ = f x
match (Right x) _ g =g x

However, later when considering the generalisation to other semirings they state that “sryping rules are
mostly unchanged with the caveat that case; must exclude m = 07 [3} §7.2, p.25] where 7 is the grade
of the case guard. This appears a more coarse-grained restriction than the other three systems, excluding
even the possibility of Granule’s weakening wildcard pattern which requires 0 < x. Currently, such
a pattern must be marked as ’Many in Linear Haskell (i.e., it cannot explain that first projection on a
pair does not use the pair’s second component). Furthermore, the condition 7 # 0 does not require that
7 actually represents a consumption, unlike the approaches of the other three systems. The argument
put forward by Abel and Bernardy for their restriction to mark a consumption (g < 1) for the sake of
parametricity is a compelling one, and the concrete model of Choudhury et al. gives further confidence
that this restriction captures well an operational model. Thus, it seems there is a chance for fertilisation
between the works mentioned here and Linear Haskell’s vital work, towards a future where grading is a
key tool in the typed-functional programmer’s toolbox.

7 Deriving other useful structural combinators

So far we have motivated the use of distributive laws, and demonstrated that they are useful in practice
when programming in languages with linear and graded modal types. The same methodology we have
been discussing can also be used to derive other useful generic combinators for programming with linear
and graded modal types. In this section we consider two structural combinators, drop and copyShape, in
Granule as well as related type classes for dropping, copying, and moving resources in Linear Haskell.
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7.1 A combinator for weakening (‘“‘drop”)

The built-in type constants of Granule can be split into those which permit structural weakening C*
such as Int, Char, String, and those which do not C ! such as Handle (file handles) and chan (concurrent
channels). Those that permit weakening contain non-abstract values that can in theory be systematically
inspected in order to consume them. Granule provides a built-in implementation of drop for C types,
which is then used by the following derivation procedure to derive weakening on compound types:

[Aldrop : A — 1

for closed types A defined [A]grop = lz.[[A]]gmpz by an intermediate derivation [[A]])jrop:

[[Cwﬂgropz =dropz
[[lﬂﬁropz = case z of unit — unit
[X]gropz = Z(X)z
[A @B]}ﬁropz =case z of inlx — [Aldrop(x); inry — [Bldrop(y)

A ®Bﬂ§ropz = case z of (x,y) — case [A]grop(x) of unit — case [B]grop(y) of unit — unit

[1X ] opz = letrec f = [A]55 " in f 2

Note we cannot use this procedure in a polymorphic context (over type variables ) since type polymor-
phism ranges over all types, including those which cannot be dropped like C'.

7.2 A combinator for copying “shape”

The “shape” of values for a parametric data types F can be determined by a function shape : FA — F1,
usually derived when F is a functor by mapping with A — 1 (dropping elements) [16]. This provides
a way of capturing the size, shape, and form of a data structure. Often when programming with data
structures which must be used linearly, we may wish to reason about properties of the data structure
(such as the length or “shape” of the structure) but we may not be able to drop the contained values.
Instead, we wish to extract the shape but without consuming the original data structure itself.

This can be accomplished with a function which copies the data structure exactly, returning this
duplicate along with a data structure of the same shape, but with the terminal nodes replaced with values
of the unit type 1 (the ‘spine’). For example, consider a pair of integers: (1, 2). Then applying copyShape
to this pair would yield ((O), ), (1, 2)). The original input pair is duplicated and returned on the
right of the pair, while the left value contains a pair with the same structure as the input, but with values
replaced with (. This is useful, as it allows us to use the left value of the resulting pair to reason about
the structure of the input (e.g. its depth / size), while preserving the original input. This is particularly
useful for deriving size and length combinators for collection-like data structures.

As with “drop”, we can derive such a function automatically:

[[Fa]]copyShape Fo—-FI1®Fa
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defined by [A]copyShape = Az. [[Aﬂf__’opyShap .z by an intermediate derivation [A]

X .
copyShape*
[[CwﬂgopyShapeZ - (unit, copy Z)

[[lﬂfopyShapez = case z of unit — (unit, unit)

[[Od]gopyShapeZ = (unit,z)

[[X}](Z::opyShapeZ - Z(X)Z

A @B}]fopyShapez = case z of inl x — case [[A}]fopyShape(x) of (s, x') — (inl s,inl X');
inr y — case [B]Z,, snape(¥) Of (5, y') = (inr s,inr ')

z z
HA ®Bﬂcopy5hapez = case z of (x7y) — case [[A]]copyShape(x) of (S, x/) -

case [[B]]EopyShape(y) of (S/, yl) - ( S, sl)7 (x/a y/))

¥ EX—fA-1®A .
[[nuX'A]]copyShapeZ = letrec f = [[A]]copys{mpe n f z

The implementation recursively follows the structure of the type, replicating the constructors, reaching
the crucial case where a polymorphically type z : & is mapped to (unit,z) in the third equation.

Granule implements both these derived combinators in a similar way to push/pull providing copyShape
and drop which can be derived for a type T via type application, e.g. drop eT : T — () if it can be derived.
Otherwise, the type checker produces an error, explaining why drop is not derivable at type T.

7.3 Other Combinators in Linear Haskell

As previously covered in Section [5| we demonstrated that the push and pull combinators derived from
distributed laws are useful in Haskell with its linear types extension, and we demonstrated that they can
be automatically derived using compile-time meta-programming with Template Haskell.

To the best of our knowledge, nothing comparable to the Pushable and Pullable type classes proposed
here has been previously discussed in the literature on Linear Haskell. However, several other type
classes have been proposed for inclusion in the standard library to deal with common use cases when
programming with linear function typesﬂ One of these classes, Consumable, roughly corresponds to the
drop combinator above, while the other two, Dupable and Movable, are for when a programmer wants to
allow a data type to be duplicated or moved in linear code.

I class Consumable a where
2 consume :: a %1-> ()

4 class Consumable a => Dupable a where
5 dup2 :: a %1-> (a, a)

6

7 class Dupable a => Movable a where

8 move :: a %1-> Ur a

The consume function is a linear function from a value to unit, whereas dup is a linear function from a
value to a pair of that same value. move is a linear function from a to Ur a, where Ur is “unrestricted.”
move can be used to implement both consume and dup2:

I case move x of {Ur _ -> (O} -- consume X
> case move x of {Ur x -> x} - x
case move x of {Ur x -> (x, x)} -- dup2 x

A ‘copy shape’ class may also be a useful addition to Linear Haskell in the future.

6See the linear-base library: https://github.com/tweag/linear-basel
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8 Discussion and conclusion

Section [6] considered, in some detail, systems related to Granule and different typed analysis of pattern
matching. Furthermore, in applying our approach to both Granule and Linear Haskell we have already
provided some detailed comparison between the two. This section considers some wider related work
alongside ideas for future work, then concludes the paper.

Generic programming methodology The deriving mechanism for Granule is based on the methodol-
ogy of generic functional programming [[14], where functions may be defined generically for all possible
data types in the language; generic functions are defined inductively on the structure of the types. This
technique has notably been used before in Haskell, where there has been a strong interest in deriv-
ing type class instances automatically. Particularly relevant to this paper is the work on generic de-
riving [19]], which allows Haskell programmers to automatically derive arbitrary class instances using
standard datatype-generic programming techniques as described above. In this paper we opted to rely on
compile-time metaprogramming using Template Haskell [24] instead, but it is possible that some of the
combinators we describe could be implemented using generic deriving as well, which is future work.

Non-graded distributive laws Distributive laws are standard components in abstract mathematics.
Distributive laws between categorical structures used for modelling modalities (like monads and comon-
ads) are well explored. For example, Brookes and Geva defined a categorical semantics using monads
combined with comonads via a distributive law capturing both intensional and effectful aspects of a pro-
gram [5]]. Power and Watanbe study in detail different ways of combining comonads and monads via
distributive laws [23]]. Such distributive laws have been applied in the programming languages literature,
e.g., for modelling streams of partial elements [27].

Graded distributive laws Gaboardi et al. define families of graded distributive laws for graded mon-
ads and comonads [10]. They include the ability to interact the grades, e.g., with operations such as
D) OfA = O(rp)rA between a graded comonad [, and graded monad ¢y where t and x capture
information about the distributive law in the grades. In comparison, our distributive laws here are more
prosaic since they involve only a graded comonad (semiring graded necessity) distributed over a functor
and vice versa. That said, the scheme of Gaboardi et al. suggests that there might be interesting graded
distributive laws between [, and the indexed types, for example, [J,(VecnA) — Vec (rn) ((J;A) which
internally replicates a vector. However, it is less clear how useful such combinators would be in general
or how systematic their construction would be. In contrast, the distributive laws explained here appear
frequently and have a straightforward uniform calculation.

We noted in Section |3| that neither of our distributive laws can be derived over graded modalities
themselves, i.e., we cannot derive push : [1,[J,A — [J;[1.A. Such an operation would itself be a distribu-
tive law between two graded modalities, which may have further semantic and analysis consequences
beyond the normal derivations here for regular types. Exploring this is future work, for which the previ-
ous work on graded distributive laws can provide a useful scheme for considering the possibilities here.
Furthermore, Granule has both graded comonads and graded monads so there is scope for exploring
possible graded distributive laws between these in the future following Gaboardi et al. [10].

In work that is somewhat adjacent to this paper, we define program synthesis procedures for graded
linear types [[15]]. This program synthesis approach can synthesis pu/l distributive laws that are equivalent
to the algorithmically derived operations of this paper. Interestingly the program synthesis approach
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cannot derive the push laws though as its core theory has a simplified notion of pattern typing that
doesn’t capture the full power of Granule’s pattern matches as described in this paper.

Conclusions The slogan of graded types is to imbue types with information reflecting and capturing
the underlying program semantics and structure. This provides a mechanism for fine-grained intensional
reasoning about programs at the type level, advancing the power of type-based verification. This is a
burgeoning technique that is gaining traction in mainstream functional programming and being explored
from multiple different angles in the literature. The work described here addresses the practical aspects
of applying these techniques in real-world programming. Our hope is that this aids the development of
the next generation of programming languages with rich type systems for high-assurance programming.
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A Additional definitions and results

A.1 Typed equational theory

I',x:AFn:B I :A I't:A—B [x#t]
I+ F (Axn)y =6l /x]:B I'-Axtx=t:A—oB

I',x:AFt:A I, x:A+6:B

[+, letrec x = tint) =t[letrec x = ¢ int;/x]: B Brerree
IN,x:AkF1:A Ib-6:B I3Ff:B—C
. . LETRECDISTRIB
[+ T4+ T5Ff(letrecx = 1 inn) =letrecx = #;in (f1;): C
I'kt:A ~}—p,'ZAI>Ai I'kn:A 'F]?,'ZADA,'
Fz,A,"‘I,'ZB ﬁ F2,Z:A|‘l‘2:B
—— n
[ +Tskcasetof p — 6= (t>p)ti: B 7 T £, F case 1 of p; = tlpi/z) = |1 /7] : B e
'te:0,A -FpitA> A AiFpiA 1Cr
CASEGEN

['Hcasetof [p;] > p;=caserof x] > x:A

IF'Ft:A Eopii A A I Alb1t:B -FpliBr>A] I ARL:C

CASEASSOC
+I"+I"+ case (case t of p; — 1;) of pl — 1. = case 1 of p; — (case t; of pl — 1)) : C
I'Ht:A Epii A A I"AjF1t;:B
rEpiB>A TV ARZ:C lin
Pi ! Lt (p) [CASEASSOC]

r+(I'+1") + T I case [case 1 of p; — 1;] of [p]] — ] = case [1] of [p;] — case [1;] of [p}] =1, :C

I'kt:A ‘FpiiA> A I,AiFt:B IGFf:B—C

_ CASEDISTRIB
I'+I,4 T3+ f(caserof p; —1;) =caserof p; — (ft;) : C

In CasEAssoc the predicate lin(p) classifies those patterns which are linear, which are those which are
variables or constructor patterns only.

A.1.1 Derived rules

Proposition A.1 (‘Case push’ property).

I'kz:A rEpit A A F/,Aﬂ—tiZB

- CASEPUSH
sxrxL+sxI" - [case t of [p;| — 1;] = case [t] of |pi] — [t;] : OB
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Proof. Applying B..se and congruence over promotion, to the left-hand side of the case push equation
yields:

[case ¢ of [p;| — ;] = [(tD>p))t]]
for the smallest j. Applying B4 to the right-hand side of the case push equation yields:

case [f] of [p;] — [t;] = ([t] > [pi])[1]]

for the same smallest j (since the patterns pi are the same).
By PATSEMUNBOX, then we have the derivation of pattern matching:

(t>pi)[g]=1"
([ )] =1"

therefore case 1] of [p;] — [1;] = ([t] > [pi]) 1] = (r>pi)[1)].
Then by Proposition (below), (tt>p;)[t;] = [(t> p))t], yielding case push. O

PATSEMUNBOX

Proposition A.2 (Pattern matching distributes with promotion). For all t,p,t then:

(tep)[f] =[(t>p)r]
Proof. By induction on syntactic pattern matching:
* (wild) (¢>)[f] = [f] and [(r1> )7'] = [].
* (var) (1> x)[f] = [][t/x] = [/'[¢/x]] and [(r>x)¢'] = [[1/x]]
¢ (unbox)
(t>p)f =1"
([ > )t =1
By induction then (21> p)[¢'] = [(z1> p)?] therefore ([t] > [p])[f'] = [([¢] > [p])#'] since this rule pre-
serves its result in the conclusion.

PATSEMUNBOX

* (constr)
(i > pi)ti=lit1
(Clo .t >Cpo ..pn)lozln_H
By induction, similarly to the above case, but across multiple terms.

PATSEMCONSTR

A.2 Functor derivation

Definition A.1 (Deriving functor). Given a function f : @ —o B then there is a function [F&]¢map(f) :
F a — F B derived from the type F& as follows:

[[lﬂfmap( )z = case z of unit — unit

[[a]]fmap )Z = fZ

[XTfap () 2 = (E(X) f)z

[O:Alfmap(f) 2z = case z of [y] = [[Afmap(f) Y]
[[AEBB]]fmap(f)z = case zof inlx— inl [[Aﬂfmap(f) x;

inry —inr [[B]]fma () y
[[A®B]]fmap( )z = caseZOf(x7y)_>([[A]])f;map(f) %, [Blfap (f) ¥)
[[A %Bﬂfmap(f) z = ;Lx'[[B]]fz’:map( ) (Z )C)
f)

[ux A]]fmap( z = letrec g = [[A]]fzm}i:g (—oB)—ouX .A—o(uX.A)a/B (f)ingz
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B Type soundness proofs

The following shows that the calculation of push and pull distributive laws is well-typed.

Proposition 1. Type soundness of [F &]pun : F (0y,0:) — Opr 4 (F 05).

Proof.
* ﬂlﬂiu =0 1Ge Fog=1).

—  _CON
OF unit:1 PR 1=1| PCON
O unit] : Opr .1 -Founit:1>0
= - - CASE
z:1F case z of unit — [unit] : Op» .1
X . : v —
° [[Xﬂpull X — D(/\}’:lr[)X (i.e. Fo; = X).
X uX A, 00/ — Oy, (UX.A) €S
u [ i l/ i ANz ,(IJ ) LOOKUP VAR
LHXE(X) :uX.A[D,ioc,-/oci] —o O (UX.A) z: (uX.A)0O, 05/ F z: (&{%A)[Dr,ai/aij
E,Z : (‘UX.A)[D,-’ ai/oci] [ Z(X) Z: \:‘erl 7 (/.LX.A)
° [[Olj]]pu” : D,T,.OC]' — D(/\;}:l ,ﬁl.)OCj (16 F o =q).
VAR
X z: D,-/.(xj Fz: D,-/(xj
APPROX
L,z:0n 05z Doy, ) 04
» [(A® B)[O, a,-/ocj]]gu” tASB—0 ) AOB(e. FOGG=A®B).
X :AFx A
S —— DER
XA EX A
y — CoN
XA Finl(X):A® B PR
XAl F il ()] :0p ,AGB 6}
VAR - [PVAR]
PULL X " Al
OF [Al5y :A — Oy A x: A0, 0/ 0 Fx: AD,, 04/ 0] /\r,%x AP A
p Nz i i : APP i=1 [PBOX]
x: AD, 05/ [Al(x) : O A (1 W] A ™ XAl
x: Al 0;/04] F case [[A]]fju”(x) of [x'] — [inl (X')] : Opr ,A® B ®)
y:BFY B
BB DER
yobhry:- CON

Yy :[BliFinr(y)):A®B PR
Y i [Blpr, Fline )] :Opr, ,A® B (©)
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) PULL
(1 [[B]]pull :B—o |:|/\:}:] r,B

VAR

[PVAR]
y: B[O, 0;/04) Fy: B[O, 04/ ct)

n
NritY By [Blpyr

APP =l PBOX
y: B[D,—’.(X[/Ol,‘] [ [B]]pu”(y) : \:‘Ni:] ,.’B @ - [y'] : %]‘Q;’SELB > y, : [B}/\Ll T [ ]
y: B[O, 01/ 4] - case [B%,(v) of [y'] = [inr (x3)] : Opr A& B @
PVAR
Ex A0, 0/ 0] > x:A[D,,,a,»/a,-] PCON
Finl (x): (A @ B) [0, 05/0q] > x: A[D,, 06/ o] (5)
PVAR
-+ y: B[O, 0:/04] > y: B[O, 0/ 04] PCON
Finr (x): (A& B)[O, a;/04) > y: B[O, 04/ ) (©6)
@) @) @ @ CASE
2:A @ B[O, a;/0y] - case z of inl (x) — (case [ATS0(x) of [x'] — [inl (X')]):inr (y) — (case [B]3,(v) of [y'] = [inr ()]) : Oy, A® B

* [A®BlL,: (A®B)O,0i/0] = Oy ) (A® B) (ie. FoG =A@ B).
X :AFX A y:BFY B
!/ / ! / DER
XA Fx A y:[BiFy:B Con
/. /. AN
VALY Bl () A @B .
xl : [A]/\:L] r,-vyl : [B]/\:LI ri F [('x,7y,)} : D/\;L] I‘,'A ® B (7)
7 [PVAR] — [PVAR]
XA X Al Y By By,
Ar Al An Bl o
- ; [PBOX] ; ; [PBOX]
- [x]ID/\;} 1,IA[>)C :[A}/\f]r,- i [’y}:D/\;'],}.BDy :[B]/\:"lrf [PCON]
(WL (Cpr, nA) © Opr, B & X Al Y 2 [Blpz ®)

5 PULL
(N [[A]]pu” tA—o D/\;’IzﬂﬁA

VAR
X ZA[D,»’.G,'/(Z,‘] Fx :A[D,ﬁ,.oc,»/a[]

. APP
x: A, Oti/OCi] F IIA]]pu”(x) : |:l/\:-’ A

&)

- PULL
OF [Blsy:B— D0y B

VAR
y: B[D,.,ai/(x,-] = y: B[D,.,ai/ai]

: APP
y: B[O, 04/ 04 - [Bloun (™) : Opr, B

(10)
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@ @ PAIR
X A[Dr, ai/aijvy : B[Dr, ai/aij F (HAHEUH(X)’ [[B]]gull(y)) : (D/\’r,:l ’iA) ® (D/\:':| ’"tB) @ CASE
x: A[D"iai/aijvy : B[D"/ai/ai] F case ([[Aﬂgullx7 [[B]]i:)ully) of ([X,L [y,]) - [(x/7yl)] : D/\;':l r,A ®B (11)
PVAR PVAR
b+ x:AO, 00/ 04) > x Al 0/ o4 -+ y: B[O, /0] > y:B[D,[a,-{)ogJ)N
[ F (5,y): (A® B)O, 0/ > x: A[D,, 04/ o],y : B[O, 04/ o] CASE

2:(A® B)[0y, 04/ 0y - case z of (x,y) — (case ([AlGupx. [Blgu) of (W),[V]) = [(¥.))) : Opr A © B

o [uXATS : (uXA)[Or04/0i] = Ope ) (UXA) (e, F 0 = X A).

VAR VAR
S.f X A0, 0/ 0] — Oy, (UXA) - f: uX Al 05/ 0] — Oy, (UX.A) 2,z uX Al0, o/ o) ZA%%(.A[D,, o/ 0]

T.f  uX A0 0/ ) — Oy, (XA), 22 uX A0 05/0q) Ffz:Opn (X .A) (12)

PULL
L X fuX A0y, /0] —0pn . (HX.A) ey
pull i TMX AD /o) — Opr o, (UX.A) 3

E X fuX A, /el —Dn (X A)

L.z (uX A)[rio/ o] - letrec f = [A] infz:Opr XA

X+ [A]
LETREC

Proposition 2. Type soundness of [F &3,  [Foi]5,q, : O,F0G — F(O,0).

Proof.

* [[lﬂgush 01-1 (1e F o=1).

1=1
rEunit:1>0

— _CON :
OF unit:1 -k [unit] : 1> 0
z: 0,1+ case z of [unit] — unit: 1

[PCON]
[PBOX]

CASE

—_—
. [[X]]gush :0,X = X[O,04/ 0] (ie. F oG = X).

—_
X:O0(uX.A) — (UX.A)Ora/o4] € X
LOOKUP VAR
TEI(X) O(uX.A) — (uX.A)[O,0;/ ) O, (pX A) bz O, (1X A)
T,z:0,(uX.A) FE(X) z: (uX.A) D0/
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* [[aj]];z):ush : Drjaj - Drjaj (ie. Fo = ).

—— VAR
ZZDr/(Zj Fz:Dr/aj

* [A® B, : O(A ® B) = (AlD,04/ 4] & B[O, 0/ )

— F VAR
x:AkFx:A

PUSH x:[Al1Fx:A
0 [A]5ueh : OrA —o Al 04/ 4] x:[Al F )04

x: (Al (AT (X)) : A[D 00/ 0]

DER

PR

CoN
x: Al Finr [A]S e (1) - A[D,0i/ 0] © B[O 04/ o] (13)

——— VAR
y:BFy:B

_ PUSH y:[BliFy:B
O F [Blpysh : OrB — B[O, 0i/ o y:[Bl-+]: OB

y: (8], - [B05o0 (b)) : Bt/ Con
v (8l ine (850, () : A0 00/a] @ B0,/ (49

DER

— [PVAR]
rEx:Ax:[A], [A@B|>1=1Cr

rtinl (x):A® B> x:[A],
“Ffinl (x)] :0,A ® B> x: [A] [Paox] 15)

[PCON]

———— [PVAR]
rty:Bry:[B], [A®B|>1=1Cr

. — [PcoN]
rkinr (y):A@ B> y:[B],
: [PBOX]
-+ finr (v)]:0A@ B> y:[B], (16)

™ @ @O @@©

z:0,(A @ B) - case z of [inl (x)] — inl [[A]]Eush([x}); [inr (y)] — inr [[Bﬂ);ush([)’]) :A[Drai/oci] &) B[D,-(xi/(xi]

CASE

* [A® B[S : 04 @ B) — (A0, 0/ 0] © B[O, 04/ 4)

VAR

— DER
PUSH x:[Al1Fx:A R

0 [AlSueh : OrA —o Al 04/ 4] x:[Al F ] O,A
x: (Al F [Algysh (1)  AlD 0/ o] an

x:AkFx:A
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————— VAR
y:BFy:B DER
PUSH y:[BliFy:B
0+ [B]5ueh : O-B — B[O, 04/ 4] y:[B],F[y: 0B App
v (Bl [Bysn (D) : BIO, 04/ ] (18)
(L) CoON
x:[Alr,y < (Bl F ([ALgush (3]): [Blgush () : AlD: 0/ 0] © BIOr 04/ o4 (19)
rEx:A x:[A], LPVAR] rEy:Bry: (B, LPVAR] [A®@ B =1 [PCON]
rt (x,y):A® B> x:[A];,y:[B], (PBOX
F ()] 0,AQ B> x: [A],y: Bl (20)
© @ CASE
2:0,(A @ B) - case z of [(x,)] = ([Al5ush ([%]): [Blpusn (D)) - A[D, 04/ 04] @ B[O, 00/ 4]
* [A— Bl : Or(A — B) = (A[D04/ 4] — B[O, 0/ )
VAR —————— VAR
f:A—BFf:A—B X:AFx:A
: DER ————— DER
fi[A—B]|Ff:A—B x:[Al1Fx:A APP
PUSH f:[A—B],x: Al Ffx:B
0 [B]5 e : O-B — B[O,0;/ ] fi[A—Bl.x:[A] % [I)—P[fx} :0,B
fiA—Blrx: (Al [Blunlfa) - BIO 00/t @D
- [PVAR]
/\ril—x:A >x:[Alpr o,
i=1
FTH DAy, oM 22)
O+ [A]5y:A—DOpr A PULL y:AI—y:AVAR App
y:AF [[A]]Euu(y) V| ChH @) CASE
Y:Af:[A—o B, - case [A]},(v) of [x] = [BI3,enlf 4] : B[O, 04/ (23)
: ———— [PVAR]
rEf:(A—B)>f:[A— B [PBOX]

+[f]:0(A —B)>f:[A— B, (24)

PR
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2 @
2:0,(A— B),y: Al case z of [f] — case [A]5, () of [x] = [B]3,q[fx] : B[O,/ ]
z:0,(A — B) - Ay.case z of [f] — case [A]Z,,(v) of [x] = [B]Z,q [ x] : A[0, 06/ c] — B[O, 0/ 04]

CASE

ABS

puII pusl

o [uX. A]]push (uX.0,A) — (uX. A0, 0;/ o)) (ie. Fog = uX.A).

VAR VAR
E.f: uX.0,A —o (uX.A[Dy0/ o)) Ff - uX.0,A — (uX A0, 0/ o)) Xz: ,LLX.D,%;PZ cuX.0,A

T.f:uX.0A — (uX A[Dr/04)),z: uX.OAFfz: (uX.A[O 0/ 0)) (25)

PUSH
rX X.O0,A—(uX.AlO,0;/
Tk [[A}]pﬁsff“ (X A0/ xl) cuX.0A — (X ADro/a)) 23) LETREC
%,z: (uX.0,A) - letrec f = [[A]]Eu’i;’f“XDAﬂ(”XA[D 06/ 04)) infz:ux A—j[D /o

C Properties of the distributive laws

C.1 Inverse property

Proposition 3.1 (Pull is right inverse to push). For all n-arity types F which do not contain function
types, then for type variables (0;)c(o...) and for all grades r € % where 1 Cr if |[Fog| > 1, then:

[[F Ei]]pull([[l: ﬁi]]push) =id :U,Fag — U, Fog

Proof. By induction on the syntax of the type Fa; which we denote by T in the following. We first prove a
subresult that for [T]%, >l ([TT% 61 2) = 2, which by function extensionality then gives us T sl ([T Tueh) =
id, under the assumption that for all X, every f € £(X) and g € ¥'(X) then go f = id, in order to apply
the recursive argument.

«T=1
[[1 puII [[”]push z
= [[lﬂpu“(case z of [unit] — unit) {defn. [[1]];15}1}
= case (case z of [unit] — unit) of unit — [unit] {defn. [[1]]§U”}
= case z of [unit] — case unit of unit — [unit]  {case assoc.}
= case z of [unit] — [unit] {Bcase }
= z {ncase}
cT=xa

[[a]]g;jll([[a]]gush Z)
(]2 {defi. [0T5,e0}
= 7z {defn. [[OC]]E’U”}
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e T=X
[[X]]pull([[ ]]push Z)
= [[x]]pu”(z( )2)  {defn [X]Gue)
= Y(X)(Z(X)z) {defn. [X]]Eun}
= {recursion assumption}
e T=ADB:

= casezof [inlx] — caseinl [A] ush[x] of inlx — case [A]% u" x of [u] — [inl u]; ;
inr y — case [[B]] un Y of [v] = [inr v]
[inr y] — case inr [[B]]push[ ] of inlx — case [A]]pu” x of [u] — [inl u];
inr y — case [[B]]pu” yof [v] — [inrv]

[[A@Bﬂpull(HA@B]]ﬁush Z)
[A @Bﬂpu”(casez of [inlx] —inl [[A]]Zush[x] [inry] — inr [[B]]Zush[y] )
case (case z of [lnl x| —inl [A]]push[ x]; [inry] —inr [[B]]push[ ] ) of
inl x — case [[A]]pu” x of [u] — [inl u];
inr y — case [[B]}pu”yof[ v] = [inr v]

case z of [inlx] — case [[A]]pu” [[A]]push[ x] of [u] — [inl u];
[inr y] — case [B ]]pu” [[Bﬂpush [v] of [v] = [inr V]
case z of [inl x] — case [x] of [u] — [inl u];
[inr y] — case [y] of [v] — [inr ]
case z of [inlx] — [inlx]; [inry] — [inry]
z

T =A®B:

[[A®Bﬂpull([[A®B]]):ush Z)

[A® By (case z of [(x,y)] = ([AT5ue0 1], [BIGusn )
case (case z of [(x,y)] = ([A]Guen ), [BIGuen D)) of (x,y) =

case ([AT}, x, ﬂBﬂpu||y) of ([ul, [v]) = [(u,v)]

= casezof [(x,y)] — case ([[A]]push [x], [BIE o [V]) of (x,y) —

case ([[Aﬂ):ullx [[B]]puu y) of ([u], V) — [(u, )]

case z of [(x,y)] — (case ([A]%, [Alueh ], [BISu [BI5 e ) of ([u], [v]) = [(u,v)])
case z of [(x,y)] — (case ([x],[y]) of ([u],[v]) — [(, V)])
case z of [(x,y)] — [(x,y)]

Z

31

{defn [[A 69B]]Zush}
{defn. [A 69B]]Zun}

{case assoc.}

{Bcuse }
{induction}

{Bcuse }
{ncase }

{defn. [A ®B]]§ush}
{defn. [A® B]%,,}

{case assoc.}

{Bcase}

{induction}
{Bmse}
{ Ncase }
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T =uXx.A:
[ux A]]pun([[HX A]]push 2)
= (X AT (letree ;= [AJS A NE G iy {defn. [uX AL}
= letrec f' = [[A]]i;l)lmfl X D, 06/06] D, (X A) "
f'(letrec f = [[A]]iu);?f:uXDAﬂ(#X'A)m in f z) {defn. [uX.A[; puII
= letrec [’ = HAHi;ﬁHf/ uXAm—oDAn (UX.A) -
letrec £ — [T/ H DA BTl iy g1 ) (let dist. }
= letrec ' = [[A]]ilui“f X A, 06/ 06} D, (X A) -

letrec f = [[A]]Z,Xef:uX.D,.A—o(yX.A)[EI,a,-/oc,- in f,([[A]]Z,Xef:uX.DrA—o(,uX.A)[Droc,-/oc,- Z) {ﬁletrec}

push push
letrec f' = [[A]]iuﬂ“)f

X X.O0,A—(uX.A)[0,0:/ 0 i Y X X

letrec f — [T, X AN DG 6] iy [gE s (X {Brerrec}
= letrec ' = [[A]]Euﬂ(Hf

AL (AT e = Ve ) (Braec}

pu pus
Y X+sletree f/ = [[A]]EUXHf in f/ ¥ X+—sletrec f = [[A]]Eu):H/ in f
= IIA]] pull Pl ([[A]] push push ) {Bletrec}
= z {induction}
O

Proposition 3.2 (Pull is left inverse to push). For all n-arity types F which do not contain function types,
then for type variables (0)ic(o.n) and for all grades r € % where 1 Cr if [Fog| > 1, then:

[F 0] push ([F ®illpun) = id : F(O,0) — F(O, @)

Proof. By induction on the syntax of the type Fa; which we denote by T in the following. The following
proof is for [T] push([[T]] sull Z) =z, which by function extensionality then gives us [7] push([[T]]ﬁu”) =id,
under the assumption that for all X, every f € £(X) and g € ¥'(X) then go f = id, in order to apply the
recursive argument.

e T=1
[[lﬂpush(ﬂl]]pull Z) ,
= [1]3,s,(case z of unit — [unit]) {defn. 115,01}
= case (case z of unit — [unit]) of [unit] — unit {defn. [1]5,¢,}
= case z of unit — case [unit] of [unit] — unit  {case assoc.}
= case z of unit — unit {Bease }
= Z {ncase}
cT=x

[[a]]);ush([[a]]);;ll 7)
[[a]]push( 2) {defn. [[O‘]]Eun}
{defin. [a]5,en}
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e T=X
[[X]]push([[X]]Zull Z)
= XI5 (X)z)  {defn, UX]]Eun}
= T(X)(2'(X)z) {defn. [XT5usnt
= z {recurszon assumption}
e T=A®B

T

[[AEBBHpush([[A@B]]ZuII Z)
[[A@B]pushcase zof inlx — case [[A]]Eu” x of [u] — [inl ul;
inry — case [B]]Zu” y of [v] — [inr v]
case (case z of inlx — case [[A]] Ixof[ | — [inl u]; ) of [inl x] — inl [Aﬂgush[x};
inr y — case [[B]] iy of [v] — [inrv] [inr y] — inr [[B]]Eush Iy]
case z of inlx — case case [[A]]’;u” xof [u] = [inl u] of [inlx] — inl [[A]]push[ X]; s
[inr y] — inr [[B]]push[y}
inr y — case case [[B]]gluu yof [v] — [inrv] of [inlx] — inl [[A]]push [x];
[inry] — inr [[B]]push[ ]
case zof inlx— inl [[Aﬂpush[[A]] u” x;
inry — inr [[B]]push [[B]]pu” y
case zof inlx— inlx;
inry —inry
z

=AQ®B

[[A®B]]push([[A®B]]§ull 2) , /
[4® B, (case z of (x,y) — case ([AIG, x, [Bl5, ) of ([u], [V]) = [(u,v)])
case (case z of (x y) —

case ([AL%, x, [Bl5u ) of ([u]. M) = [(u,)]) of [(x.y)] = (IAD5,e4 2], B30 )

case z of (x,y) —

33

{defn. [A @B]]Eun}
{defn. [A® B]%,q,}

{case assoc.}

{ﬁcase}
{induction}

{ncase }

{defn. [A® B]5,,}

{defn. [A@ Bl .}

case ([A]Z,, . [BIZ, ») of ([ul, [v]) — case [(u,1)] of [(x,3)] — ([A]Z, 4], [BIE,sy )~ {case assoc.}

case z of (x y) ([[Aﬂ);ush [[A]]g;ll X, [[Bﬂ push [[B]]pull y)
case z of (x,y) — (x,y)
Z

{ ﬁ(ruse }

{induction}
{ncase}
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e T=uXA

[ux.A] push([[nuX'Aﬂg;ll z)

—_—
= (XA etree = [AL,, R gy {defn. [UXATZy }
= letrec f = [[A]]Eu}i?f X0, A—o(uX.A) D, 04 /0t .

f (letrec f' = [[A]]E;I’I(Hf’i:m/a, =Dy, (uX A) in f' 7) {defn. [[‘uX'Aﬂﬁush}
= letrec f = [[A]]Eu?;?f X O A—o(uX.A)Droi/e] o

/ O.o/a
X fuX A0 ~i06,/OCl]AOD/\:_Ll,,I_(H,X.A)

letrec f/ = [[A]]pu” inf(fz) {let dist. }
= letrec f = [[A]]Eu);'?f XD A= X A) Do ] in
E/,Xi—}fli X.A ,’.(X,'/O!,' —J no. X.A / 4
letrec ' =[A] g Ny (ﬂAﬂﬁuﬂ(Hf 2) {Bretrec}
= letrec f = [[A]]ZX;:)f X .O0A—(uX.A)O 0/ 0 in
- pus
Y X X fiuX. O A—o(uX.A) D0/ o Y Xis f!
letrec f' =[]\ in [A]5 AT WA AT 2 By}
= letrec f — [[A]]ZXL—U X .OA—(uX.A) O 06/ in
- pus|
X fipuX O, A—o (X .A) O o o) ¥ Xesletrec f = [A]5 ™ in
[[A]]pus;?f“ (‘u a/a ([[ ]]pull Pl Z) {Bletrec}
¥ X+—letrec f = ﬂA}]ZU’sz inf Y Xsletrec /' = [[A]]ZUXHf n f’
= [[A]]push pesh ([[A]]pull Pl ) {ﬁletrec}
= z {induction}
[

C.2 Naturality of push and pull operations

Proposition 3.3 (Naturality of push). For all unary type constructors F such that [Fot]push is defined,
and given a closed function term f : ot —o B, then: [0,F]emapf o [FO]push = [FBpush © [Flmapllr-f, i.e.:

F us
O,Fa _ [Fodpen FO,a

o
fi Dr[[Fa]]fmapfi \L[Fa}]fmapmrf
B

0.Fg ———~F0O,
B HFﬁ]]push ﬁ

Proof. By induction on the type T = Fa, where we consider derivation of the functor action [[Foc]]fmap
and [Fa]> sush with respect to open recursion variables ¥’ and ¥ assuming that the recursive definitions
themselves satisfy the naturality property, i.e., for all X € dom(X),dom(¥’) then X' (X)), (f)(2(X)z) =
2(X)(O,(X(X)(f)z) (referred to as condition (*) in the proof).



J. Hughes, M. Vollmer, D. Orchard 35

e T=1:
([[”]fmap( ) [[”]push)
= [[lﬂfmap( i’f) ([[”]Eush Z) {ﬁ}
= [1]5.p(0rf) (case z of [unit] — unit) {defn. [15,4}
= case (case z of [unit] — unit) of unit — unit {defn. [[lﬂlgr;ap(D,f)}
= case z of [unit] — case unit of unit — unit {case assoc.}
= case z of [unit] — unit {Bease}
= (ﬂlﬂpush o [0, 1]]fmap( )z
= [[lﬂpush ([[D ]]]fmap( )Z) {ﬁ}
= [1]%,q, (case z of [y] — [case y of unit — unit]) {defn. [O1]F.,(F)}
= case (case z of [y] — [case y of unit — unit]) of [unit] — unit {defn. ﬂlﬂgush}
= case z of [y] — case [case y of unit — unit| of [unit] — unit  {case assoc.}
= case z of [y] — case [y] of [unit] — unit {Ncase }
= case z of [unit] — unit {Ncase }
T=o
([[a]]fmap( ) [[a]]push
= [[a]]fmap( Vf) ([[a]]ﬁush Z) {ﬁ}
= [[a]]fmap( {defn [[a]]gush}
= case z of [y] — [fy] {defn. [[a]]fmap( o)}
= ([[a]]push o [[Draﬂfmap( )z
= [[a]]push ([[Draﬂfmap( )Z) {ﬁ} ,
= [a]uen (casezof ] = [fy]) {defn. [Oralf,,,(f)}
= caseof [y - [/} {defin. [l .}
T=X:

([[X]]fmap( ) [[Xﬂpush)

= [XTap(0:f) (KT, 2 {B}
= uxnfmap< ) (2(X) 2) {defn. [XTouen }
= Y(X)(O.f) (2(X) 2) {defn. [Xfnap(B:1)}

([[X]]push © [[D X]]fmap(f)) Z
[[X]]push ([[D X]]fmap( )Z) {B} )

[XTgush (case zof [y] = [(Z'(X) f)3])  {defn. [X]pap(f)}
Z(X) (case z of [y] — [(X'(X)f) ¥]) {defn. [X]5en }

Z(X) (case O, (X'(X)(f)) z of [y] = []) {defn. O, (Z'(X)(f))}
Z(X) (BAX'(X)(f)) 2) {Mease }

Z'(X)(Of) (2(X)z) {condition (*)}

e T=A®DB:
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([[A@B]]fmap( ) [[A@B]]push)

IIA@B]]fmap( rf [[A@B]]pushz {ﬁ}
[[AGBB]]fmap 0,f) (case zof [inlx] — inl [[A]]Eush[x]; ) {defn. [A eBB]]gush}
linr y] = inr [B]Zu4n 1]
case (case z of [inl x] — inl [[A]]?ush[x]; )of inlu— inl ([[A]]f):’map(D,f) u); {defn. [[AEBB]]%;QP(D,f)}
[inry] — inr [[B]]push[y} inrv — inr ﬂBﬂfmap( ) v

case zof [inlx] — case inl [A]Z  [x] of inlu — inl ([[A]]fmap(lil f {case assoc.}

inrv—inr ([[B]]fmap(

[inr y] — case inr [[B}]?ush [yl of inlu—inl ( [[A]]fmap(

, inrv%inr([[B]]fmap(

case z of [inl x] — inl ([[A]]fzmap(D,f) [[A]]ﬁush[x]); {Bcase}
ine 3] = inr (1B (0 f) [BL5, )

pus|

) u)s
fv)
f)u);
f)v)

([[A@B]]push © [[D (A@B) fmap(f)) <
HA@BHpush ([OH(A® B)[frap () 2) {B}
[A®BIE,, (case z of [u] — [case u of inlx — inl ([[A]]fmap(f) x); ]) {defn. [O0,(A®B) fmap(f)}

mry—) inr ([[Bﬂfmap( )y)
case (case z of [u] — [case u of inlx — inl ([[A]]fmap(f) x); ]) of [inlv] — inl [A]S

push

push [V] {defn [[A @Bﬂgush}

inry = inr ([BJfsp(f) ) linr w] = inr [B]F,q,[w]
case z of [u] — case [case u of inlx — inl ([[A]]?‘,;ap(f) x); Jof [inlv] = inl [[A]]push vl {case assoc.}
inry = inr ([BJf,0(/f) ) linr w] — inr [B]G,n W]

case z of [u] — case [u] of [inl x] — case [inl (ﬂA]]%;ap(f) x)] of [inlv] — inl [[A]]):IJSh vl; s {box case assoc.}
/ [inr w] = inr [[B]]push [w]
[inr y] — case [inl (ﬂBﬂmeap(f) y)] of [inlv] —inl [[A]]Eush[v]
[inr w] — inr [[B]]push[ w]

case z of [u] — case [u] of [inl x] — inl [[A]}Eush [[[A]]fmap x]; {Bease }
[inr y] = inr [[B]]Zush[[[Bﬂfmap( 1)yl
case z of [u] — case [u] of [inl x] — inl ([[A]]%r;ap( f) [[A]]push [x]); {induction}
[inr y] = inr ([Bﬂfmap(ﬂ f) [Blgush b))
case zof [inl x] — inl ([A]%,,,(0,f) [[A]]push [x]); {Nease}
[inr 3] = inr ([Blfyap(0rf) [Blush D)
=ARBEB:
([[A ®Bﬂfmap(DVf) [[A ®B]]push)
[[A®B]]fmap(Drf) ([A@BlGu 2) {B}
[[A ®Bﬂfmap(DVf) (case zof [(x y)] - ([[A]]push [x] [[B]]push [y])) {defn [[A ®Bﬂpush}
case (case zof [()C y)] - (HAHpush[ } |IB]]Zush b’])) of (u V) - ([[A]]fmap( Vf) u, [[Bﬂfmap( Vf) V) {defn [[A ®Bﬂfmap(DVf)}
case z of [(x,y)] — case (ﬂAﬂpush[ X, [[B}]Zush [v]) of (u, v) — ([[A}]fmap( ) u, [[B}]fmap(D,f) v) {case assoc.}
case 2 of [(x,)] = ([Alfap(Tr/) [[A]]gush ¥, [Blfnap(3rf) [BIZ,en 1) {Bease}
([[A ®Bﬂpush [[D (A ®B)]]fmap(f))
[[A®Bﬂpush ([CH(A® B) s () 2) {B}
[A@ Bl (case < of [g] — [case g of (x. 3) = ([A5ap (/) %, [Bfrap (1) )]) {defn. [0,(A@ B[, (1)}
case (case z of [g] —
[case g of (x, ¥) = ([ADfap () %, [Blinap (f) ¥)]) of [(v, w)] = ([AL5ueh V], [Busn ) {defn. [A® B] 0}
case z of [g] —

case [case g of (x, y) — ([[A]]fmap( X, [[B]]fmap(f) y)] of [(v, w)] — ([[A]]gush v, [[B]]gLlsh ) {case assoc.}
case z of [g] —

case [g] of [(x. y)] — case [([ATEp () 2. [BLEaap(F) ¥)] OF [(v, )] = ([ATZ,ep 1. [BTE ey w]) {box case assoc.}
case z of [g] —

case [g] of [(x, y)] = ([ATuen [[ATfrnap (f) . [BTGusn [Bnap (1) 3)) {Bease}
case z of [g] — /
case [g} Of [(x7 )] ([[Aﬂfmap(m f) HAHpush [x]7 [[B]H’:map( rf) [[Bﬂpush[ D {induCtion}

case z of [()C, y)] - (HAH%map( Yf) [[A]]push [x} [IBHfmap(DVf) HBﬂpush [y]) {ncase}
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e T=A—B.
([A— Bﬂfmap( f)olA — B[S, 2
= [[A—OBﬂfmap( 1) ([A —o Bl ush 2) {B}
= [A— Bﬂfmap( ) (Ay.case z of [g] — case [A]},; v of [u] — [[B]],,ush (g w)]) {defn. [A — Bﬂpush}
= Ax [[B]]fmap( f) (Ay.case z of [g] — case [[A]]puII y of [u] — [[B]]push[ gu)])x {defn. [A — B]]fmap 0.0}
= Ax[Blfn,,(O.f) (case z of [g] — case [Aﬂpuu x of [u] — HB]]push [(gw)]) {B}
= Ax.case z of [g] — case [[A]]pu” xof [u] — [[B]]fmap(D 1) ([[B]]push[(g u)]) {case distrib.}

(J[A— Bﬂpush o[0,(A — B)ﬂfmap( )z

= [A— Bﬂpush ([OH(A — B)fap(f) 2) {B} ,
= [A—oBlj,q, (casezof [¢] = [Av. [[B]]fmap( f) (gv))) {defn. [O-(A — B)[,, ()}
= Ax.case (case z Of[ ] M,V [[Bﬂfmap )]) of b] — case IIB]]pull x of [u] - [[B]]push [(y M)] {def" IIA - B]]);ush}
= Ax.case z of [g] — case [Av. [[B]]fmap( ) (g v)] of [y] — case [[B]]pu” xof [u] — [[B]]push [y u)] {case assoc.}
= Ax.case z of [g] — case [A]E pull X Of [u] — [[B]]Zush [(Av. [[B]]fmap 7)) (gv)) u] {Bease}
= vease: of ¢] - case [AlEy v of [ [B]5,u, [18T%,,,(f) (5 )] (B}
= Ax.case z of [g] — case [[A]]pu” xof [u] — [[B]]fzmap(ljrf) ([[B]]§ush [(gu)]) {induction}
e T=uXA
([[:U'X Aﬂfmap( ) [[,LLX A]]push)
= ILUX A]]fmap( ) ([[I‘LX A]]Eush Z) {ﬁ}
= [uX AT, (Of) (letrec h = [A]% " #X A=W a/el i ) {defn. [uX A}
= letrecg = [Al <78 (0,f) in g (letrec h = [A[% "X OA=WXAE S 0 oy Ldefn [uX AT}
= letrec g = [[A]]?é;f:g(ﬂrf) in (letrec h = [[A]]Eji?h‘ux‘u"'qf(”x'm[D"a/a] ing(hz)) {letrec distrib.}
= letrecg = [[Aﬂ?m’::g( f)in (letrec i = [A]0" in AT X (OF) ([ALen " 2) - {Brerrec}
_ [[AHE Xr—letrec g = HA]]fm 2p $(O,f) in g( f) (HA]]E Xletrec h = [[A]]'EXhHh in hz) {B] }
- fmap . push etrec
- ([[A]]};u)i:letrec h= [[A]]phsh in (D HA]];:m)a(:letrec g= [[A]]fma 8f in gfz)) {induction}
= ([1X AlGugn o [Or(1X-A)imap(f)) 2
= [uX A, [Or(1X A)]imap(f) 2) {B}
= [MXAR,q(case 2 of [y] - fletrec g = [ATES"F in g]) {defin. [0 (X A)ima (1)}
= letrech = ﬂA]]ﬁu)éhHh in h(case z of [y] — [letrec g = [[A]]f";f;}gf in gy]) {defn. [(uX.A)]push }
= [A ﬂiu):? ttree = AL " in (case z of [y] — [letrec g = [[A]]fm;(: *fin gy]) {Bretrec
= HAﬂiui?letrec h= IIA]] sh i (case Z of b’] — HIA]]f):mf:le'rec o HA]]meP gf " gfyD {ﬁletre('}
o AL I e W {defn. O, + )

O]

Proposition 3.4 (Naturality of pull). For all unary type constructors F such that [Fot]py) is defined, and
given a closed function term f : o0 —o B, then: [,F|mapf © [FO]pull = [FBlpuit © [Flfmap-f, i.e.:

Falp,
FO,a _ [ralomn O,Fo

o
fl IIF]]fmapDrf\L lDr[[F]]fmapf

FO,p ———0O,F
B [FBpun B

Proof. By induction on the type T = Fa, where we consider derivation of the functor action [[F(x]]fmap

and [Fa]> oull with respect to open recursion variables ¥’ and ¥ assuming that the recursive definitions
themselves satisfy the naturality property, i.e., for all X € dom(X),dom(¥’) then X' (X)), (f)(2(X)z) =
2(X)(O,(X(X)(f)z) (referred to as condition (*) in the proof).
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L]
N
I
—

~
Il
S

([[D 1]]fmap( ) [[lﬂpull)
IID 1]]fmap( ) ([[lﬂpull Z)

[Er1]fmap(f) (case z of unit — [unit])
case (case z of unit — [unit]) of [y]| —
case z of unit — case [unit] of [y] —
case z of unit — [case unit of unit — unit]

case z of unit — [unit]

([[”]pull ° [[”]fmap( ”f)) z
Hl]]pull ([[”]fmap( "f) Z)

[[1]]puII (case z of unit — unit)
case (case z of unit — unit) of unit — [unit]
case z of unit — case unit of unit — [unit]

case z of unit — [unit]

[case y of unit — unit]
[case y of unit — unit]

([[Dra]]fma (f) © [[a]]gull) z

F) ([ea]5 2)
fz
— [fy

[[Dra]]fmap

p
[[Dra]]fmap(
(
case z of [y]

([[a]]pull ° [[a]]fmap( rf))

{defn. [[a]]pull}
{defn. [O,0050p (1)}

Deriving distributive laws for graded linear types

{B}

{defn. [m]%““},

{defin. [TV TE, ()}
{case assoc.}

{ﬁca‘ve}

{ﬁcase}

B
{defin. [1]fnap(Cnf)}
{defn. ﬂlﬂgun}
{case assoc.}

{ﬁcase }

[[Olﬂ puII ([[a]]fmap(

case z of [y] — [f ]

([[D X]]fmap(f) [[X]]pull)
[[D X]]fmap( )([[X]]pull Z)
[[D X]]fmap( )(Z( ) )
case (X(X) z)
case [, (X' (X)(f

)
0,(Z(X)(f)) (2(X) 2)
LX) (X(X)(0f) 2)

[[X]]pull ° [[X]]fmap([]rf)
[[X]]pull ([[X]]fmap( rf) )
[[X]]puu( '(X)(Erf) 2)
X(X) (X'(x)(O rf) 2)

[[aﬂPuH (case z of [y] — [fy])

of [y] = [Z'(X)(f) ]
) (E(X) 2) of [y] = [y]

{defn [[a]]fmap( )}
{defn. [[a]]pull}

{B}

{defn. [[X]]puu}
{defn. [[X]]fmap}
{defn. [(Z'(X)(f))]}

{ncase}
{condition (*)}

{B}
{defn [[X]]fmap( )}
{defn. [[X]]pu”}
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e T=ADB:
([0 (A B) 0o (f) o [A® B 2
= [O/A®B)]f. () ([A® Bl 2) {B}
= [O.(A @B)]]E’“ap(f) (case z of inlx — case [[A]]‘Eu” xof [u] — [inlu]; ) {defn. [A @B]]?u”}

inr y — case [B]2,, y of [v] — [inr v]
case (case z of inl x — case [A]Z outl X Of [u] = [inl u]; ) of [w] — [case w of inlm — inl ([[A]]le;ap(f) m); | {defn. [O,(A®B) fmap(f)}
inr y — case [[B]]pu”yof [v] = [inrv] inrn—inr (f n)
= casezof inlx— case (case [A]X,, x of [u] — [inl u]) of [w] — [case w of |n| m — inl ([[Aﬂfmap(f) m); ;s {case assoc.}
e i (Bl () 1)
inr y — case (case [[B]]gu” y of [v] — [inr v]) of [w] — [case w of |n| m — inl ([[A]]fma (f)ym); |
e o ([BJ5,(1)

pul

°

= casezof inlx— case [[A]]ﬁu” x of [u] — case [inl u] of [w] — [case w of inlm — inl ([[A]]fmap(f) m); |; {case assoc.}
inf n— inr ([[B]]fmap(f) n)
inr y — case [[B]]pu” y of [v] — case [inr v] of [w] — [case w of inl m — inl ([[A]]fmap( Ym); |
inrn— inr ([[B]]fmap( f)n)
= casezof inlx— case [[Aﬂﬁu” x of [u] — [case inl uof inlm— inl ([[A]}fmap( Ym); 1; {Bease}
inrn— inr ([[B]]fmap( ) n)
inr y — case [B],, y of [v] — [case inr v of inlm — inl ([[A]]fmap( f)ym); ]
inrn— inr ([[Bﬂfzmap( ) n)

= casezof inlx— case [A] satl X Of [u] = [inl ([[A]]fmap Hul; {Bease}
inr y — case [B]3, y of [v] = [inr ([B]F,,(f) v)]

(HAGBBHpuII © HAGaBﬂfmap( Vf)) <

= HA®BHpu|l ([[AGBBHfmap( rf) Z) , {ﬁ} ,
= [A@BI, (casezof inlx— inl (JATE, (O,f) ): ) {defin. [A@BIE,, (0.1}
inry —inr ([[B]]%r;‘ap(Elrf) y)
= case (case zof inlx— inl ( [[A}]fmap(lil.f) x); ) of inlm— case [A], m of [u] — [inl u]; {defn. [A®B],}
inry —inr ([B ]]fmap( . f) ) inr n — case [[B]]pu”nof[ v] = [inr v]
= casezof inlx— caseinl ( [[A]]fmap( .f) x) of inlm — case [A]%, m of [u] — [inl ul; ; {case assoc.}

inr n — case [[B]]pu” n of [v] — [inr v]
inr y — case inr ([[B]]?%ap(ljrf) y) of inl m— case [A]X,, m of [u] — [inl u];
inr n — case [B] nof [v] — [inr v]

= casezof inlx— case ﬂAﬂpu” ([[A]]fmap( 1) x) of [u] — [inl u]; {Bease }
inr y — case [[B]]pu” ([[B]]fmap(EI f)y) of [v] = [inrv]
= casezof inlx— case] [[A]]fmap( 1) ([AT % %) of [u] — [inl u]; {induction }
inry — case [J, [[B]]fmap( ) ([[B]]Zu” y) of [v] = [inr v]
= casezof inlx— case,inl (O [[A]]fmap ) [[A]]puII ) of [u] — [ul; {defns.}
inr y — case O,inr (O, [[B]]fmap( ) ([B]]Zu” y) of [v] = [v]
= casezof inlx— case[d,inl [[A]]E’mp( f) ([[A]]pu” x) of [u] — [u]; {functoriality of O, }
inr y — case O,inr [[B]]fmap( F) ([By y) of [v] = [V]
= casezof inlx— case [[A]]pu” x of [u] — [inl [[A]]fmap( ) ul; {defns.}

inr y — case [[B]]Zu” yof [v] — [inr [[B]]fmap V]
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e T=A®B:

([[D (A®B)]]fmap( ) HA®B]]puII
[E (A®B)]]fmap( ) ([A@ Bl 2)

o, (A®B)]]frpap( ) (case z of (x, y) — case ([A, x, [B]G, y) of ([u], [V]) —
[O:(A® B)[fap () (case z of (x, y) — case (x, y) of ([u], [v]) = [(u, v)])
case (case z of ([[A]})éu” X, [[B]]’;u” y) — case (x, y) of ([u], [v]) =
1, [Bliap(f) )]
case z of (x, y) — case (case ([[A]]PuII X, [[B}]?u” y) of ([u], [v]) =
+ [Blap(£) )]
case z of (x, y) — case ([[A]]Zu” X, [[B]]puII y) 0f ([u], ]) —
case [(u, v)] of [I] — [case [ of (m, n) —
case z of (x, y) — case ([[A]}puII x, [B]E pull y) of ([u], v]) =
[case (u, v) of (m,n) — ([[A]]fmap(f) , /
case z of (x, y) — case ([A]}, x, [Bl5, ) Of([u] V) = [([Alfmap (f) 1, [Blfnap(f) v)]

[case [ of (m, n) — <[[Aﬂfn:a,,(f)

[case [ of (m, n) — ([[A]]fmap(f)

(HA®BHpuIIOHA®BHfmap( rf))z
[[A®B]]pull IIA®B]]fmap( rf)z

[A®B], (case z of (x, y) = ([Alfnap(Orf) x,
case (case z of (X, y) - (IIA]]fmap(Dr.f) X, [[Bﬂfmap( Vf) y))

case ([A]}, m, [[B]]pu” n) of ([u], [V/]) -
case z of (x, y) — case ([[A]]fmap( f) x, [[B]]f):map(I:I,f) y) of (m, n) —

case ([A]%, m, [[Bﬂpuu n) of ([u], [v]) —
case z of ()C y) — case ([[A]] puII [[A]fmap(mrf) X, HB]]ZUII IIB]]fmap rf) y) of ([ML [V}) -
case 2of (x, ) = ease (O, AT, (1) 4T3 & O BTy (1) (Bl ) of (1, ) —
case 2 of (x, ) — case ([ATZ, x. [T, ») of (], 1) — [([ATa0 () 1, [BZpap () V)]

o T =uXA:

(IO-(1X Ao (1) 0 [MX Al) 2
[0 (X A) o () (IHX AL 2)
[0/ (14X A)[frpap(f) (letrec b= [A
[0- (XA ap (f

)

HDV(:U'XA ]]%map( [[A]]pull
I Xiletrec h = [A]>" in &

letrec 1 =

) (
) (
) (
) (

= case ([A] . z)of [y| —

letrec ¢ = [A] ..,
E, 1 h= LX—h . h

case (HAHPU);H etrec [[A]]p W in ) of [ }
[letrec g = [[A]]fmap

% Xi-sletrec h = [A h
case ([[A]]pu”H etrec = AL " in z) of [y] —

([[IJX A]]pull ° H”X A]]fmap rf)) <

|LU'X A]]pull ([[“‘X Aﬂfmap( rf) )
[uX A%, (letrec g = [[A]]fmf::g (@—=B)—nX A—=(uX A)a/B] 3
|IIJ'X A]] Sl (letrec g= [[A]]fzm}a(:g (0—of)—ouX.A—o(uX.A) [a/ﬁ
[HXALE,, (AT ™" Wiy O i

I X—h:uX AlO,a/a]—0,(uX.A)

letrec h = [A]

pull

letrec 11 = [A] )

T Xletrec h = [[A]]p'” inh Y X—letrec g =

IIAHp[JII IIA]]fmap
Y X—letrec g = [[A]] 8 (Oyf) in g
D IIA]]fmap " P

Ax.case x of [y] — H[Aﬂfmap
case ([, " T I

z) of [y] —

]]Z XehuX AOa/al—0,(uX.A) .
[[A]]E XHIz.uX.A[D,a/a]HoD, (uX.A) . T XhuX AOaf/al—0,(uX.A) z

£ X—letrec h = [[A]]g-u)fl‘ M in g
L Xrg:(a—of)—uX A—o(uX.A)la/B] &
T Xigi(a—of)—ouX A—o(uX.A)[a/B]

in [AJE (@B HXA=GX A/B] (1

¥ Xrletrec g = [[A]]%r:‘f'; 8(f) in g

[[A]]Z ng (awB)ﬂﬂXAﬂ)(lJXA)[a/ﬂ (O,f) 2)

inh (HAHE’,XHletrec g= [[A]]‘:‘;;f;""(‘:lrf) ing

L XX Al o) o —o0, (X A) 2 Xiletrec g = [[A]]fme‘(D f) in g

I X—huX AlOa/o]—0,(uX .A) . IIA]]
IS5 (0f) in g

T Xrletrec h = [A]Z) " inh
(f) (1Al pun o 4

¥ Xi—letrec g = [[z‘l]])f:r;'ap ‘() in g L Xletrec h = [A] 5" in &
Z

Y Xi—letrec g = [[A]]ﬁn'ap 4(f)in g

Deriving distributive laws for graded linear types

{B}
{defn. [A® B]]gu”}
{induction}

{defn [[D (A®B)]]fmap( )}
{case assoc.}

{case assoc.}

{ﬁcase }
{ Bcase }

{B}
{def ofﬂA®B]]fmap( ff)}

{defn. [A® Bﬂ%uu}

{case assoc.}

{ Bcase }

{induction}

{defns.}

{B}
{defn. [uX A%}
{ﬁletrec}

{ﬁletrec}
{defin [0, (X A) o ()}

{ ﬁl etrec }
{ ﬁl etrec }

{B}
{defn |LU,X A]]fmap( Vf)}
{ﬁletrec}

{Bretrec}

{defn. [uX AT}
@) 2) A{Bretrect

{Bretrec}

{induction}
{defn. O, }
{B}
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C.3 Preservation of graded comonad operations

Proposition 3.5 (Push preserves graded comonads). For all F such that [F@] push is defined and F does
not contain —o (to avoid issues of contravariance in F) then:

[[FEI]] push —_ — IIFEI}] push

|:]1 Fdz FD] Q; |:lr*sFai FDr*sai
| s
For Foo S o .
o U,.0sFo; 5o oo U,-FOs o [Foilom FO,Os o

Proof. We consider first the property involving €, by induction on the type T = Fy, for open recursion
¥, ¥’ where we assume that for all f € £(X) and F € ¥'(X) then (Fe) o f = € (called, condition (*))

e T=1
(([[lﬂfmap ) [[lﬂpush)
= (Ax.case x of unit — unit)(case z of [unit] — unit) {defns. + B}
= case (case z of [unit] — unit) of unit — unit {B}
= case z of [unit] — unit {Nease }
= casezof x] »>x {case gen.}
= €2 {def’}
e T=x
([[a]]%r;]ap )([[a]]push Z)
= (Azcasezof [x] = x)[a]},q 2 {def}
= (Az.casezof [x] = x)z {def}
= casezof [x] - x {B}
= €z {def.}
e T=X

[[X fmapg)([[X]]push Z
T (X)e(X(X)z) {def }

€ {assumption (*)}

e T=A®DB:
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[[A 69B]]fmap ([[A eBB]]push Z)
= (Azcasezof inlx— inl ([[A]]%apex); )
inry —inr ([[B}]?‘r;a €y)
(case z of [inl x] — inl [[A]]push[x}; [inry] — inr [[B]]push[ 1) {defns.}
= case (case z of [lnl x] = inl [[A]]push[ x]; [inry] = inr [[B]]push[ ] ) of {B}
inl x — inl ([[A]]fmapex),
inry —inr ([[B]]fzr;ap&‘y)
case zof [inlx] — caseinl [[A]]gush [x] of ; linry] — caseinl [[Aﬂpush [x] of {case assoc.}
inl x — inl ([[A]]fzr;apsx); inl x — inl ([[A]]fmapex);
inry — inr ([[B]]ﬁ;apey) inry — inr ([[B]]fzr;apsy)
= casezof [inla] —inl ([AJ%,, € [ATS,0[¥): [inr 3] — inr ([BIE,,, € [BIE,0, 1) (8)
= casezof [inlx] —inl(e[x]); [inry] —¢€]y]) {induction}
= casezof [inlx] —inlx; [inry] —inry {def. € + B}
= casezof [x] - x {case gen}
= £z {def.}
e T=AR®B:
[[A®B]]fmap (HA®B]]puSh Z) ,
= (Azcasezof (x,y) — ([[A]]fmap € %, [Blfap€ ¥)) (case z of [(x,y)] = ([Al5uenlx], [BlGusn b)) {def:}
= case (case z of [(x y)] ([[A]]push [x]7 HBﬂgush b)])) of (x7y) (HAﬂfmap € X, HB}]fmap£ y) {ﬁ}
= case z of [(x,y)] — case ([[A]]ZuSh [x], [[B]]Zush [v]) of (x,y) — ([[A]]fmap €x, [[B]])f:,;ape y) {case assoc.}
= case 2 of [(x,)] = ([Alfnap€ (IAD5uen[2]): [BlFnap€ ([BT5usnD) {Bease}
= casezof [(x,y)] = (g [x],e ]) {induction}
= case zof [(x,y)] = (x,y) {€ defn.}
= casezof [x] - x {case gen.}
= gz {defn.}
e T=A—B.
Cannot be handled, as per the restriction of the proposition, and indeed is not derivable because
the types in the commuting diagram do not match for this case due to contravariance in A.
e T=uXA

[[IUX Aﬂfmap [[‘LLX A]] push Z

{induction (subst in g and f)}

= (Azletrec g = [[Aﬂfzm);?g(e) in g z)(letrec f = [[A]]ﬁ;i?f:“X'D"Aw(“X'A)m in fz) {defn.}

= letrec g = [[A]}fmap () in g (letrec f = [[A]]ﬁ;’i:'f:“x'D’A%(“x'A)m infz) {B}

= letrec g = [[A]}?m);':g(s) in (letrec f = [[A]]ﬁﬁ:f:“X'D’A%(“X'Mm ing (f2) {letrec distrib.}
= letrec g = [[Aﬂ)f:m}::g(e) in (letrec f = [[A]]Eﬁ:f:“X'D’A%(“X'A)m ine€?z)

= ez {Betrec}

Note that in the recursive case here we are assuming by induction on A that f itself satisfies

Fe o f = & which enables the rewrite on the right-hand side of in here as well.

Thus from the above we have that [F0;]map€ 0 [F@]push = € by function extensionality and since the

initial environemnt £’ = X = 0 trivially satisfies condition (*).

Next we consider the second property involving &8, by induction on the type T = Faq;, for open

recursion £,X’ where we assume that for all f € £(X) and F € £/(X) then fo[Jfod
condition (¥%)).

e T=1:

=F&o f (called,
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[[1]]push(|:| [[lﬂpush( e Z))
((Ly.case y of [unit] — unit)
o(Ax .case x’ of [x] — [case x of [unit] — unit]) o (Az.case z of [x] — [[x]]))z {defns.}
case (case (case z of [x] — [[x]]) of [x] — [case x of [unit] — unit]) of [unit] — unit {fB (x3)}
case (case z of [x] — case [[x]] of [x] — [case x of [unit] — unit]) of [unit] — unit  {case assoc.}
case z of [x] — case (case [[x]] of [x] — [case x of [unit] — unit]) of [unit] — unit  {case assoc.}
[

case z of [x] — case [[x]] of [x] — case ([case x of [unit] — unit]) of [unit] — unit  {case assoc.}

x|
of [unit] — unit] of [unit] — unit {Bease}

]

case z of [x] — case [case [x]

case z of [x] — case (case [x] of [unit] — [unit]) of [unit] — unit {case push}

case z of [x] — case [x] of [unit] — case [unit] of [unit] — unit {case assoc}

case z of [x] — case [x] of [unit] — unit {Bease }

case z of [unit] — unit {Nease}

[[”]fmap ([[”]pushz)
= case (case z of [unit] — unit) of unit — unit {defns. + B}
= case z of [unit] — case unit of unit — unit {case assoc.}
= case z of [unit] — unit {Bease }

e T=ux
[ 5usn (O [[a]]push( 85 2))
= ((Ax.casex’ of [x] — [x]) o (Az.case z of [x]| = [[x]]))z {defn. + B}
= case (case z of [x] — [[x]]) of [x] — [«] {B}
case z of [x] — [[x]] {Nease }
[[a]]fmap ([[a]]pushz)
(Az.case z of [x] — [[x]]) ([a]5,52) {defns. + B}
case z of [x] — [[x]]
e T=X

[[X]]push(lj IIXIIpuSh( s Z))
= ((Az.X(X)z) o (Az.case z of [x] — [E(X)x]) o (Az.case z of [x] — [[x]]))z {defn.}

= [[X]]fmapwa‘-,s([[x]]gush Z) {condition (**)}

where in the binding of X to f we recursively apply the inductive evidence on A itself that it
satisfies the property and thus provides that X — f satisfies the condition of (**) in the induction
step.

e T=A®B
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Deriving distributive laws for graded linear types

[[A €BB]]push(lj [[A EBB]]push( r,s Z))
[A & B];gncase (case  of [x] — [[x]]) of [x] — [[A & B, 4]
[[A@B]]Eushcase z of [x] — case [[x]] of [x] — [[A & B]]Eushx]
[A & B]5,spease z of [x] — [[A & By, ]
[[AEBB]]gushcase z of [x] — [case [x] of [inl x] — inl [[A]]push[ x]; [inr y] — inr [[B]]?ushb/]]
case (case z of [x] — [case [x] of [inl x] — inl [[A}]push [x]; [inr y] = inr [[B}]gush [v]]) of
[inl x] — inl [[A}]Eush[x]
[inr y] — inr [B]]push[ {
SR case [case [x] of [inl x] — inl [[A]]push[ x]; [inr y] — inr [[B]]push[ ]] of
x [inl 2] = inl [A]Z, g [
[inr y] = inr [B] 0]
SR case (case [x] of [inl x] — [inl [[A}]Eush[xﬂ; [inr y] — [inr [[B}]gushb)ﬂ) of
[inl x] — inl [A]]push[ x|

[inr y] = inr [B]5,qn D)
case [x] of

case z of b = [inl x] = inl [[A]]push[[[Al]Eush [x]]
[inr y] — inr [B]5,q [[BI5,sh ]
case 7 of
[inl x] = inl [A]S jon [[AT e ]
[inr y} > inr HBﬂgushH[Bﬂﬁush [yH

case 7 of

case z of

[[A@B]]fmap ([[A@B]]Eushz)
case [A @ B]]);ushz of inl x — inl [[A]]fzr;ap(ﬁx);inr y—inr [[Bﬂfzr;]ap(Sy) {defn.}
case (case z of [inl x] — inl [A]]gushx; [inr y] = inr [[B]]Eushy) of
inl x — inl [[A]fmap(Sx) {defn.}
inry—inr [[B]]fmap(Sy)
case z of
case (inl [A]?,,x) of
[inlx] = ( inlx—inl [[A]]%ap(Sx) )
inry — inr [[B]]fzmap(‘dy) {case assoc.}
case (inr [[B]]ﬁushy) of
[inry] = ( inlx—inl [[A}]E;/ap(Sx) )
inry— inr [[B]]fzmap(ﬁy)
case z of
[ml X] > inl [[A]]fmap((s [[A]]):ushx) {ﬁ}
[inr y] — inr [[B]]fmap(5 [[B]]pushy)
case z of
[inl x] — inl [[A]]push(lj [[A]]ﬁusth) {induction}
[inr y] — inr [B] O,[B]%
case z of
[inl x] — inl [[A]]push(case (case x of [x] — [[x]]) of [x] — [[[A]]);‘ushx]) {defns. + B}
[inr y] — inr [B]]push(case (case y of [x] — [[x]]) of [x] — [[[B]]gushx])
case z of
[inl x] — inl [[A]]push(case x of [x] — case [[x]] of [x] — [[[Aﬂgushx]) {case assoc.}
[inr y] > inr [B]Z,., (case y of [x] — case [[x]] of [x] — [[[B]]ﬁushx])

push( push )

push
case 7 of
[inl x] — inl [[A]]Zush(case xof [x] = [[[A]]push[ x]]) {case assoc.}
[inr y] = inr [[B]]push(casey of [x] = [[B] e %))
case z of
[inl X] > inl [[A]]zush[[[Aﬂpush [x” {ncase}

[inry} > inr [[B]]push[[[B]]push [y”

{defn. + B}

{case assoc.}

{B}

{defin}
{defn.}

{case assoc.}

{case push}

{case assoc + B}

{ Nease }
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e T=A®B

[[A®B]]push(|j [[A®B]]push( rs Z))
= [[A®B]]push((2'y case y of [Z] - [case zof [(x,y)] ([[Aﬂpush[ } [[B]]);ush b/})})

case z of [7/] — [[]]) {defns.}
= casezof [I'] = [A®B]y,q, (case [['] of [c] — [case z of [(x,y)] = ([Al5,en[¥); [BILusnDD]) - {B}
= casezof [I'] = [A® B]j,q, ([case [2'] of [(x,y)] = ([ALGuen[x], [B5usn Y])]) {B}
= case z of /] — case ([case [Z'] of [(x,y)] —
([[Aﬂgush[x]v[[Bﬂ ush VD] of [(x,3)] = ([A]Gush [ [Blgusn ) {defns. + B}
= case z of 7] — case (case [7] of [(x,y)] —
[([ADGush [x], [BT5usn D) of [(x,3)] = ([AT 5yen [[B]]Eush ) {case push}

case [([A[5,e [, [BIGan[V])] of
[(x,3)] = ([[A]]push[ . [BlgusnY))

case z of [7/] — case [7] of [(x,y)] — {case assoc.}

= casezof (x,y)] — case [([[A]]push ], [Blgusn D] of [(6,3)] = ([AL5ysn [¥], [BIGusn ) {Ncase }

= casezof [(x,y)] = ([[A]]Eush[[[Aﬂ ush ] [[B]]push[[[B]]Eush[yH) B}

= case 20f [(62)] = (Al (OrIA Ty (OF). (Bl O TBs (5D1))) {n-expand + defins.}
= casezof [(x7y)} [[A]]fmap ([[A]]push[ D ﬂBﬂfmap ([[B]]Zush[y])) {induCtion}

= casezof [(x.y)] — [A® B, 8(case 2 of [(x.3)] — ([Al3ep 1. [BIE,e0 1) {defins.}

= [[A@B]]fmap (Ja ®B]]2ushz) {defns.}

* T = A —o B Cannot be handled, as per the restriction of the proposition.

Proposition 3.6 (Pull preserves graded comonads). For all F such that [FoG]py is defined then:

— HFaﬂp ] = — [[Fﬁi]]pull

D]Fa, FD](X,‘ Dr*SFO{i FDr*S(X,'
t l / 3r.xl lFé"J
Fog & o —_—

Q; O, 0sFog 5 o O, FOs o Foilom FO,Osa;

Proof. We consider first the property involving €, by induction on the type T = Fy;, for open recursion
¥ where we assume that for all f € £(X) then Fe = € o f (called, condition (*))

e T=1:
8([[1]]);ull 2)
= (Ax.case x of [z] — z) (case z of unit — [unit]) {defns.}
= case (case z of unit — [unit]) of [z] = z {B}
= case z of unit — unit {Nease }
= ([1nap®) 2 {defins.}
cT=a

€ ([[a]]ﬁuuz)
— (Axcasexof [ 2) ([a]5,0) {def}
(Ax.case x of [z] — 2) z {def.}
case z of [{/] — 7 {B}

([o]fmap) 2 {def}
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e T=X
e([XI5u2)
= (Ax.casexof [z = 2)(2(X)z) {defns.}
= ([[Xﬂfzmaps) z {condition (*)}
s T=A®B:
e([A®B5,2)
= (Ax.casex of [z] — z)(case z of inlx — case [[A]]%u” xof [u] — [inlul; )
inr y — case [B]>, v of [v] — [inr v]
= case (case zof inlx— case [A]%,, xof [u] — [inlu]; )of [z] =z
inr y — case [B] y of [v] — [inr v]
case 7 of
= inl x — case (case [[A]]pu”x of [u] — [inl u]) of [z] =z
inr y — case (case [[B]]pu”y of [v] = [inrv]) of [z] =z
case 7 of
= inl x — case [[A]] ik of [u] — case [inl u] of [z] — z
inr y — case [[B]]pu”y of [v] — case [inr v] of [z] =z
= casezof inlx— case [A], x of [u] — inl u;
inr y — case [B]Z, v of [y] —inrv
= casezof inlx— inlg[A]> x;
inry — inr 8[[B]]§u” y
= casezof inlx— inl (A% ,,€) x;
inry —inr ([[B]]fzmape) y
= (IIAEBB]]fmap )
s T=A®B:

e([A@B]5,2)

; case (case z of (x,y) — case [[A]]puII [[B]]Eu“ y) of ([u],[v]) = [(u,v)]) of [z] —
= case zof (x,y) — case (case ([A] 5, [B.y) of ([ul, [v]) — [(u,v)] Of[]
= case z of (x,y) — case ([A]>,x, [B]},») of ([u],[v]) — case [(u,v)] of [z] —

case z of (x,y
case z of (x,y) —
case z of (x,y
([A® Blfnape) 2
e T=uXx.A

E(HIJXA]]%uuZ)
X XAO,05/a]—0Onn . (UX.A
= (Ax.case x of 7] — z) (letrec f = [A] u”Hf# [Hr; 06/ 4] —Dlpn |, (nX.A)

LX= fiuX AlO, 0/ o] —Opn . (uX.A)
= case (letrec f = [[A]]pu” [ =

infz)of 7] =7
X fuX A D, /]~y (XA
~ letrec f — [[A]]puqu# [0/ —lpn , (1X.A)

ing(fz)
X fiuX Al 04/ 0 —OD/\H uXA
letrec f = [A] in ([A]fp€) 2

( [[‘LLX 'A]]fmap )

— case ([A]5,, x. [B 5y ) of ([u],[V]) = (u,v)
(e ([[A]]gun x),€ ([[B]]);uu )
(HA]]?‘:mapg X [[B]]f;map y)

NSNS NS AN

{defns.}
{B}

{case assoc.}

{case assoc.}

{ﬁcase }
{Bease + defns.}

{induction.}

{defns.}

(Ax.case x of [z] — z) (case z of (x,y) — case ([[A]]’:LIII X, [[B]]puII y) of }([uL[ v]) — [(u v)]) {defns.}

{B}

{case assoc.}
{case assoc.}
{Bcaxe}

{defins. + Brase}

{induction.}

{defns.}

infz) {defns.}

{B}
{defn.}

{induction}

{simplify + defn.}
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where in the binding of X to f we recursively apply the inductive evidence on A itself that it
satisfies the property and thus provides that X — f satisfies the condition of (*) in the induction
step.

Thus from the above we have that Fe = € o [Fo]push by function extensionality and since the initial
environemnt ¥ = ( trivially satisfies condition (¥).

Next we consider the second property involving &, by induction on the type T = Faq;, for open
recursion ¥ where we assume that for all f € £(X) then O, fo foFd = 8 o f (called, condition (*%*)).

e T=1:

[ [[lﬂpull([[l]]pull ([[”]%map 5r,SZ))
(A case ' of [x] — [[1]%,]) (1%, ([1T5ap Az-case z of [ — [[x])))  {defn.}

= (AxX.case X of [x] — [case x of unit — [unit]])(case z of unit — [unit]) {defn. + B}
= case (case z of unit — [unit]) of [x] — [case x of unit — [unit]] {B}

= case (case z of unit — [unit]) of [x] — [[x]] {Nease}

= (Az.case z of [x] — [[x]])(case z of unit — [unit]) {B}

= 5”-,5(|11]]§u|| 2) {defn.}

. T:a

O [[a]]puﬂ([[a]]puﬂ ([ fnap 952)
(A case x' of ] — [[a]5,]) (1015, ([0]Eyp Az-case 2 of [x] = [[x]))) ~ {defin}

= (Ax.case x’ of [x] — [x])(case z of [x] — [[x]]) {defn. + B}
= case (case z of [x] — [[x]]) of [x] — [x] {B}

= case z of [x] — case [[x]] of [x] — [¥] {case assoc.}
= case z of [x] — [[x]] {Bease }

= 6.2 {defn.}

= 6”7-Y([[a]]§ull 2) {defn.}

e T=X

Ly [[X]]pull([[X]]pull (IIX]])f:map ”Z))
= (L case. of L — [IX]5 ) (XT3 ([XTh, Accaseof [ = () {defn}
= (AxX.case X of [x] = [E(X ) X)) ((2(X) ([[X]]fmap Az.case z of [x] — [[x]])))  {defn.}
= 6, (X(X)2) {condition (*¥*)}
= 57’75([[X]]§u|| 2) {defin.}

e T=A®B
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U, HA®BHPU||(HA@BHPU|| (HA@B]]fma ”Z))
(A case % of [x] - [[A ® BJE, ) (1A © BJE,y (A © BEngy (Azcasezof [d = [ ) {defn)
(A .case x' of [x] — [[A® BJ5,x)((
case ([A®©BJf,,, (Az.case z of [x] — [[x]]) z) of inl x — case [A],, x of [u] — [inlu]; )) {defn.}
inry — case [[B]]?u” yof [v] = [inrv]

= (Ax'.case X’ of [x] = [[A® B]%,x])((

case (case z of inlx — inI(([[A]])f:rnap 8)x); ) of inlx — case [[A}]%u” xof [u] = [inlul; )  {defn.}

inry — inr((ﬂB]]?map 4)y) inr y — case ﬂB]]);u” yof [v] = [inrv]
(AX'.case x' of [x] — [[A© B[%,x])
(case z of inlx — case [[A]]puII (( [[A}]fmap 6)x) of [u] — [inlu]; ) {case assoc. + B}

inr y — case ﬂB]]pu” ((ﬂBﬂfmap 8)y) of [v] = [inr v

(Ax.case x’ of [x] — [case x of inl x — case [[A]]gu” x of [u] — [inlu; ])
inr y — case [[B]}Eu” yof [v] = [inrv]

(case z of inlx — case [[A]]puII (([[A]]?map 6)x) of [u] — [inlu]; ) {defn}

inr y — case [B]%, (([[B}]%map 8)y) of [v] — [inr v]
case (case z of inlx — case [[A]]puII (([[A]])f:map 6)x) of [u] — [inl u]; ) of

inr y — case [B[, (([BI%,p 8)y) of [v] = [inr 1]
[x] = [case x of inl x — case [A], x of [u] — [inl u]; ] {B}
inry — case [[B}]gu” yof [v] = [inr v]

case z of
case x of
inl x — case ( cas[e} [[A]]’E“"l [[I]Aﬂf"‘ap )x of )of [x] = [ inlxr case [A]%,x of [u] — [inl u] ]
up it inr y > case [B]>,y of [V] — [inr ] {case assoc.}
case x of

T

case [[Bﬂzull(ﬂBﬂfmap )y of ) of [x] — |

[v] - [inr u] inl x — case [[A]}Zu”x of [u] — [inlu] ]

inr y — case [B];,y of [v] — [inr v]

inr y — case (

case z of inlx — case [[A]]pLIII (([[A]]fmap 8)x) of [u] — [case [[A]]PLIII uof [u'] — [inl ]]; {case assoc. + B}
inr y — case HB]]pull (([[B]]fmap 0)y) of [v] — [case [[B]] v of V] — [inlV]]

case z of inlx — case [[A]]pu”([[A]]pu” (([[A]]fmap 0)x)) of [[x]] — [[inl x]]; {defn. + B}
ey = ease Oy B8 1815 (([BlEy0p)) of (1] (e ]

case z of inlx — case &,([A] pu“x) of [[x]] — [[inl x]]; {induction}
inr y — case &,([B]%, y) of [[x]] = [[inr x]]

case z of inlx — case [A]> x of [x] — &,[inl x]; {n+B}
inr y — case [[B]]);u” y of [x] = J,inr x|

Oy5(case z of inlx — case [[A]]%u”x of [x] — [inlx]; ) {case distrib.}

inr y — case [B],; v of [x] — [inr x]
5([A 6BB]]EUH 2) {defn.}

=A®B
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U, [[A®BHPUII(HA®B]]puII (lIA@B]]fma rsZ))
(Ax'.case x’ of [x] — [[A ®B]]Zuux})(([[A ® Bl 5 ([A © Blfap (Az.case z of [x] — [[x]]) 2)))
(Ax'.case x' of [x] — [[A ®Bﬂ§uux})(ﬂA ® Bl (case z of () = ([Alfyap 62, [Blfnap 57)))
(Ax'.case X' of [x] — [[A ®B]}pu”x})(
case 2 of (x,y) — case ([A]%,, (A%, 5. [BIZ,y (IBTnap 8 3')) of (], ) = [(u,0)])
= case (case z of (x,y) —
case ([A5, ([A]fnap 0%), [[B]]puu ([Blfmap 8 ) of ([, V]) = [(u,v)]) of [x] — [[A® B]5,x]
case z of ()C y) — case ([[Aﬂ ull ([[Aﬂfmap 6x)7 HB]]ZUII (HB]]%map 6 y)) of [M] V]) - [[[A®B]]pull( ]
case z of (x,y) — case ([A], ([[A]]f‘map 6x), [Bl5.u ([[B]]fzmap S y)) of ([u],[v]) —
1) = [(w,v)]]
) of ([u],[v]) —

[case (u,v) of (x,y) — case ([A]%,; x, [B]},y v) of ([u
= casezof ()C y) — case [[Aﬂpull [[A}]%map 5)6), HB]]EUII (HB]]%map 6 y)
[case ([A] 5, u [[B]]puu v) of ([u], V]) — [(u,v)]]
= casezof (X .)(]f[Aﬁ (E?S]]e)(lj E[[’?]]pul)l](][[Aﬂpull ([[Aﬂfmap 5)()) U [[Bﬂpull([[B]]pull (IIB]]meap 4
case 2 of (+,) - case (8,([ATZ,1), s ([BI%, ) of ([[ul], [V])) > [[(uv)]
0y,s(case z of (x,y) — case ([A];,x, [[B}]Eu” y) of ([u],[v]) = [(u,v)])
VS([[A®BHpuII 2)

e T=uXA

]

—~ —~

y))) of

U [[IJ'X Aﬂpull([[A@)B]]pull ([[IJ'X A]]fmap VSZ))
X XA i]—o0 XA
[letrec f = [[A]]pu“Hf HAC IO

E X fiuX A0, 04/ 0 H’D/\’»LI . (uX.A)

pull

in f x])

= (Ax'.case X of [x] —

((letrec f = [A]
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{defi}
{defn. + B}

{defn. + B}
{B}

{B + case assoc.}
{defn. + B}
{B}

{n + case assoc}
{induction}
{Bn+ defn.}
{defn.}

in f (([uX Alf,,,02)))) {defn.}

ZXO—)f[.LXA[D a/a —o[dpn ._([.lX.A
= case (letrec f = [[A]}puII Ao in f (([uX Alf,,,62))) of [x] —
L X fiuX AO), 0/ o]—0pn (/.LXA
[letrec f = [A] = in f x] {B}
— letrec f = [[A]]E:Tf BXAD ]y KD oo {induction (+ B)}
SF,S([[»LLXA]] pull Z) {defn}

where in the binding of X to f we recursively apply the inductive evidence on A itself that it
satisfies the property and thus provides that X — f satisfies the condition of (**) in the induction

step.

Thus from the above we have that the desired property by function extensionality and since the initial

environemnt ¥ = ( trivially satisfies condition (¥*).

O]
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