
Dominic Orchard, 24-28th July 2023, SPLV23

Graded Types - Part I
Theory and practice of linear types



Harley Eades IIIThanks to the team

Michael Vollmer

Tori Vollmer

Daniel Marshall

Jack Hughes

Vilem Liepelt

Benjamin Moon

and Declan Barnes, James Dyer, Rowan Smith, Ed Brown



int* x;

REAL(KIND=8) pi;

boolean eq(x <T>, y <T>)

   [a]
-> (a -> Bool)
-> [a]

{n : N}
-> Fin n
-> Fin (n+1) factorial(i : u64) -> u64 

‘a * ‘b -> ‘a

fib 2/1 :: (integer()) → integer()

float<‘u>
-> float<‘u ^ 2>

string[] args

set of 0..10 Vect n a 
-> Vect m a 
-> Vect (n+m) a

'a => int -> 'a = <handler>
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Types for the “four Rs” of PL design
Reading 
‣ Documentation


‘Riting 
‣ Specification (intention)

‣ Synthesis


Reasoning 
‣ Guarantee absence of some bugs

‣ Program properties (see ‘Free Theorems’)


Running 
‣ Optimisations

Dominic A. Orchard:
The four Rs of programming language design. Onward! 2011: 157-162

https://dblp.org/db/conf/oopsla/onward2011.html#Orchard11
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IO String

StringState Int String

PureImpure



♢(A → B )  →  ♢A →  ♢B 

A → ♢A

♢♢A → ♢A
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Recall the S4 axioms for modal possibility ...◊

T
4

K

Monads as a possibility modality (Benton, 
Bierman, de Paiva)
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IO String

StringState Int String

PureImpure
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StringState Int String

PureImpure

Update Write Read Pure



Modal
Type

Analysis

Graded
Modal
Type

Analysis
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□ A, ◊A

!A, # A

!rA, # f A



modalities 
& grades

types

“what”“how”

ExtensionIntension
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data Vec (n : Nat) (a : Type) where 

    Nil : Vec 0 a; 

    Cons : forall {n : Nat} . a -> Vec n a -> Vec (n+1) a 

--- Map function 

map : forall {a b : Type, n : Nat} . (a -> b) [n] -> Vec n a -> Vec n b 

map [_] Nil = Nil; 

map [f] (Cons x xs) = Cons (f x) (map [f] xs) 

sequence : forall {n : Nat} . Vec n (() <{Stdout}>) -> () <{Stdout}> 

sequence Nil = pure (); 

sequence (Cons m xs) = let () <- m in sequence xs 

printPerLine : forall {a : Type, n : Nat} 

              . Vec n Char -> () <{Stdout}> 

printPerLine xs = 

 sequence (map [\x -> toStdout (stringAppend (showChar x) ("\n"))] xs) 



modalities 
& grades

“how”

Intension
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This course 
how programs use data

how programs depend on context

how programs change their context

λℛ

Theory & Practice

Our route…



Theory & Practice

Our route…





Session 1 - 2
Learning plan

Learn about linear types


Learn how a type system is formally specified

Specifically: linear types for the lambda calculus


See examples of linear programs in Granule


Learn about (a particular flavour of) modalities and graded modalities
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Advice: externalise ‘known unknowns’



Materials and instructions

https://granule-project.github.io/splv23

https://granule-project.github.io/splv23


Data
Infinitely copiable

Arbitrarily discardable

Universally unconstrained
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Data
as a resource
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Motivating Example



Problem
(Some) data acts as a resource

Do this in a general, extensible way
Capture resource constraints in types 

Solution

Ignoring this leads to bugs!

20



Linear Logic and the non-linearity (necessity) modality (Girard, 1987)

A ⊢ A
A, B /⊢ A

A /⊢ A ∧ A

“Resourceful” interpretation to logic: use exactly once

21

A,!B ⊢ A
!A ⊢ A ∧ A

but
certainly / always / arbitrarily

Girard, Jean-Yves. "Linear logic." Theoretical computer science 50.1 (1987)



Linear types 
in Granule 

(and solving the unsafe 
files problem)

22



23

File handling interface in Granule

openHandle    : IOMode -> String -> Handle <IO> 

readChar      : Handle -> (Handle, Char) <IO> 

writeChar     : Handle -> Char -> Handle <IO> 

isEOF         : Handle -> (Handle, Bool) <IO> 

closeHandle   : Handle -> () <IO> 



Linear lambda 
calculus

24



Typing syntax and relation
Church syntax adds a type “signature”

�-calculus The �-calculus is the prototypical functional language. It is is very
small, with just three syntactic constructures for its terms: variables, function

values (binding a variable x in the scope of some other term t) and application

(written via juxtaposition of two terms):

t ::= x | �x.t | t t

The simply-typed �-calculus adds a simple typing discipline (due to Church).

This codifies a very simple language, whose pattern is repeated in many other

languages; in fact we often use these principles even in simple mathematics.

What is the meaning of this!? The way we can give this meaning is by

giving a semantics. One form of semantics is an “operational semantics” which

tells us how to evaluate a term in a number of steps. This is essentially like

a simple step-by-step interpreter that transforms the program until it can’t

transform it anymore. The resulting program is the “return value”.

Reduction is defined as a relation between terms, usually written as an arrow,

e.g. t ! t0 means the term t can reduce in one step to t0. The most basic notion

of “taking a step” is known as �-reduction rule, which explains how to actually

do an application:

(�x.t) t0 ! t[t0/x]

The left hand side says, if we have a function with a parameter x and a body t,
and we apply it to an argument t0 then we get t, but where t0 is substituted for
x. This is what the syntax t[t0/x] means: traverse through the syntax of t and
any time you find a variable x, replace it with the term t0.

We need only one more kind of reduction to make this calculus powerful

enough to capture all possible computations (see the Church-Turing thesis):

t1 ! t01
t1 t2 ! t01 t2

This is an inductive rule: it says that given a reduction of t1 into t01 then we

can use this to reduce t1 when it is the left-hand side of a reduction. We can

also add rules for reducing the right-hand side first, and reducing underneath a

lambda.

Types Types are defined as: A,B ::= A ! A. In a real language we’d then

add other base types and data tyes, e.g. A,B ::= A ! A | Int | Bool | . . ..
contexts � are defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

1

In a full language we’d want more…

Type syntax

cf  Haskell:  t -> t’
A, B ::= A ⊸ B
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t ::= x ∣ λ(x : A) . t ∣ t1 t2

Typing lets us relate expressions to types, e.g.

λ(x : A) . x : A ⊸ A
id :: a -> a
id = \x -> x

cf.



Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B
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Quick exercise:
Q:  What is the type of this lambda term?

Cf.: const :: a -> b -> a
const x y = x

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

2

Q:  What is the type of this lambda term?

A: A ⊸ B ⊸ A

A: It depends!
26



Assumptions Term Type

Typing syntax and relation
Typing judgement with assumptions about variable typesWhat about the type of:

�(x : A).x y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.
These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

2

Syntax of assumptions

What about the type of:

�(x : A).x y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

2

Typing judgement form:

y : B ⊢ λ(x : A) . y : A ⊸ B



Typing rules
premises (inductive hypotheses)

conclusions
Inductive step:

Defined
inductively

Base case:
conclusions

A term which is just one variable,
has just one assumption

Binding free variables

Two sub terms have different 
contexts of assumptions 

x : A ⊢ x : A
var

Γ, x : A ⊢ t : B
Γ ⊢ λx . t : A ⊸ B

abs

Γ ⊢ t : A ⊸ B Δ ⊢ t′ : A
Γ, Δ ⊢ t t′ : B

app



Example

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

2

???

???

???



What if we want to lambda bind y in the following?

Allow reordering in Γ

(abs) takes the “first” assumption:
Γ, x : A ⊢ t : B

Γ ⊢ λx . t : A ⊸ B
abs

Re-ordering in Γ

❌

y : A, x : B ⊢ t : C
???

x : B ⊢ λ(y : A) . t : A ⊸ C

exchange
Γ, x : A, y : B, Δ ⊢ t : C
Γ, y : B, x : A, Δ ⊢ t : C

Can be made explicit:

abs ✔

y : A, x : B ⊢ t : C
x : B, y : A ⊢ t : C

x : B ⊢ λ(y : A) . t : A ⊸ C

exchange



A non-example

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B
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abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B
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abs

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B

3

???
Can’t use var rule

Ignoring variable y is dissallowed



Simple typing 
(the usual state of affairs…) 
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Simple typing = Linear typing + weakening + contraction

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

2

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2

Linear -calculus typingλ

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2

Ignore variables Reuse variables

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2
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Structural rules

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

2

34

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:

�(x : A).y

The type of this term depends on the type of y. So when we are writing down

typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a

type assumption.

var
�, x : A ` x : A

abs
�, x : A ` t : B

� ` �(x : A).t : A ! B
app

� ` t : A ! B � ` t0 : A

� ` t t0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are

various formulations of the above type rules that embed this idea. Another way

is to make explicit various “meta” rules that explain that we can treat contexts

as sets:

weaken
� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus

but replaces the notion of typing contexts � as sets by adding some

var
x : A ` x : A

abs
�, x : A ` t : B

� ` �x.t : A ! B
app

� ` t : A ! B � ` t0 : A

�+� ` t t0 : B

app
� ` t : A ! B � ` t0 : A

�,� ` t t0 : B

2

Logics without one or 
more of these are called


“substructural logics”



Couldn’t do this in the linear system

Weakening example

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr
� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der
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abs

app

var
x : A ` x :A

var
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x : A, y : A ! B ` y x :B
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�(x : A ! B).�(y :

Ill typed examples
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abs
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y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent
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x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der
�, x : A ` t : B

�, x : [A]1 ` t : B
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�+� ` let [x] = t1 in t2 : B
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� ` t : B
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der
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abs

weaken

abs

abs

app

var
x : A ` x :A

var
y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B
x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???
y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A0

We can use exchange for this:

abs

exchange
y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :
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x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A
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weaken

var
x : A ` x : A

x : A, y : B ` x : A
x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)
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der
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3

Ignoring variable y
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linear logic — use exactly once

! modality — use any number of times

Behaves like an (S4) modal  + some more axioms□

! A ⊸ !! A
! A ⊸ A

! (A ⊸ B) ⊸ !A ⊸ !B(K)

(T)

(4)



Non-linearity modality 
in 

Granule 

(Written postfix `a []` in 
Granule)
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Typing syntax and relation

(var), (abs), (app) stay the same…

…but we add weakening for non-linear assumptions  

Extend syntax of types and typing assumptions

A, B ::= A ⊸ B ∣ □ A Non-linear value of type A

Non-linear variable assumption x of type A

Γ ::= ∅ ∣ Γ, x : A ∣ Γ, x : [A]

Γ ⊢ t : B
Γ, x : [A] ⊢ t : B

weak



Linear types + modality
Γ1 ⊢ t : A ⊸ B Γ2 ⊢ t′ : A

Γ1 + Γ2 ⊢ t t′ : B
-..

Γ, x : A + Γ′ = (Γ + Γ′ ), x : A if x ∉ |Γ′ |
Γ + (Γ′ , x : A) = (Γ + Γ′ ), x : A if x ∉ |Γ |

(Γ, x : [A] + (Γ′ , x : [A]) = (Γ + Γ′ ), x : [A]
Use anytime we need to combine contexts

Adds contraction

Γ, x : [A], y : [A] ⊢ t : B
Γ, z : [A] ⊢ t[z/x][z/y] : B

contract

Instead of…



…and syntax + rules for working with non-linearity

Treat a linear variable as non-linear:

(derelection)

Γ, x : A ⊢ t : B
Γ, x : [A] ⊢ t : B der

Composition (substitution) of non-linear value

into non-linear variable

Γ ⊢ t1 : □ A Δ, x : [A] ⊢ t2 : B
Γ + Δ ⊢ let [x] = t1 in t2 : B □e

Non-linear results require non-linear variables

(promotion)

[Γ] ⊢ t : B
[Γ] ⊢ [t] : □ B □i



Is this logic “good”?
• “All logics are invented, some are useful.” 

• Standard probes:


Resourceful Program Synthesis from Graded Linear Types 157

allows the following well-typed program, eliminating a pair of Lo and Hi security
values, picking the left one to pass to a continuation expecting a Lo input:

noLeak : (!LoA ⊗ !HiA) " (!Lo(A ⊗ 1) " B) " B
noLeak = λz .λu.let 〈x ′, y ′〉 = z in let [x ] = x ′ in let [y ] = y ′ in u [〈x , ()〉]

Metatheory. The admissibility of substitution is a key result that holds for this
language [32], which is leveraged in soundness of the synthesis calculi.

Lemma 1. (Admissibility of substitution). Let ∆ $ t ′ : A, then:

– (Linear) If Γ, x : A,Γ ′ $ t : B then Γ + ∆ + Γ ′ $ [t ′/x ]t : B
– (Graded) If Γ, x : [A]r ,Γ ′ $ t : B then Γ + (r ∗ ∆) + Γ ′ $ [t ′/x ]t : B

3 The Synthesis Calculi

We present two synthesis calculi with subtractive and additive resource manage-
ment schemes, extending an input-output approach to graded modal types. The
structure of the synthesis calculi mirrors a cut-free sequent calculus, with left
and right rules for each type constructor. Right rules synthesise an introduction
form for the goal type. Left rules eliminate (deconstruct) assumptions so that
they may be used inductively to synthesise subterms.

3.1 Subtractive Resource Management

Our subtractive approach follows the philosophy of earlier work on linear logic
proof search [7,20], structuring synthesis rules around an input context of the
available resources and an output context of the remaining resources that can
be used to synthesise subsequent subterms. Synthesis rules are read bottom-up,
with judgments Γ $ A ⇒− t ; ∆ meaning from the goal type A we can synthesise
a term t using assumptions in Γ , with output context ∆. We describe the rules
in turn to aid understanding. The appendix [22] collects the rules for reference.

Variable terms can be synthesised from linear or graded assumptions by rules:

Γ, x : A $ A ⇒− x ; Γ
LinVar− ∃s. r ( s+ 1

Γ, x : [A]r $ A ⇒− x ; Γ, x : [A]s
GrVar−

On the left, a variable x may be synthesised for the goal A if a linear assumption
x : A is present in the input context. The input context without x is then
returned as the output context, since x has been used. On the right, we can
synthesise a variable x for A we have a graded assumption of x matching the
type. However, the grading r must permit x to be used once here. Therefore, the
premise states that there exists some grade s such that grade r approximates
s+1. The grade s represents the use of x in the rest of the synthesised term, and

Philip Wadler. 1992. There’s no substitute for linear logic. In 8th International Workshop on MFPS
Dag Prawitz. 1965. Natural Deduction: A proof-theoretical study.
Difficulty of getting this for S4 and ! explained in:
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– (Modal) If �, x : [A],�0 ` t : B and [�] then �+�+ �0 ` [t0/x]t : B


