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x : A ⊢ x : A
ax

Γ, x : A ⊢ t : B
Γ ⊢ λx . t : A ⊸ B

⊸i

Γ1 ⊢ t1 : A ⊸ B
Γ2 ⊢ t2 : A
Γ1, Γ2 ⊢ t1 t2 : B

⊸e

Γ1, x : A, y : B, Γ2 ⊢ t : C
Γ1, y : B, x : A, Γ2 ⊢ t : C

$%

Γ ::= ∅ ∣ Γ, x : A
A ::= A ⊸ A′ 

Linear logic
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x : A ⊢ x : A
ax

Γ, x : A ⊢ t : B
Γ ⊢ λx . t : A ⊸ B

⊸i

Γ1 ⊢ t1 : A ⊸ B
Γ2 ⊢ t2 : A
Γ1, Γ2 ⊢ t1 t2 : B

⊸e

Γ1, x : A, y : B, Γ2 ⊢ t : C
Γ1, y : B, x : A, Γ2 ⊢ t : C

$%

Γ, x : [A], y : [A] ⊢ t : B
Γ, z : [A] ⊢ t[z/x][z/y] : B

)*+,-

Γ ⊢ t : B
Γ, x : [A] ⊢ t : B

.$/0

Γ ::= ∅ ∣ Γ, x : A ∣ Γ, x : [A]
A ::= A ⊸ A′ ∣ □ A

[Γ] ⊢ t : B
[Γ] ⊢ [t] : □ B

□i

Γ1 ⊢ t1 : □ A
Γ2, x : [A] ⊢ t2 : B

Γ1, Γ2 ⊢ let [x] = t1 in t2 : B
□e

Γ, x : A ⊢ t : B
Γ, x : [A] ⊢ t : B

2$-

Linear logic + !-modality
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linear non-linear

!AA

linear non-linear

r □ A r ∈ ℛ
semiring



x : A ⊢ x : A
ax

Γ, x : A ⊢ t : B
Γ ⊢ λx . t : A ⊸ B

⊸i

Γ1 ⊢ t1 : A ⊸ B
Γ2 ⊢ t2 : A
Γ1, Γ2 ⊢ t1 t2 : B

⊸e

Γ1, x : A, y : B, Γ2 ⊢ t : C
Γ1, y : B, x : A, Γ2 ⊢ t : C

$%

Γ, x : [A], y : [A] ⊢ t : B
Γ, z : [A] ⊢ t[z/x][z/y] : B

)*+,-

Γ ⊢ t : B
Γ, x : [A] ⊢ t : B

.$/0

Γ ::= ∅ ∣ Γ, x : A ∣ Γ, x : [A]
A ::= A ⊸ A′ ∣ □ A

[Γ] ⊢ t : B
[Γ] ⊢ [t] : □ B

□i

Γ1 ⊢ t1 : □ A
Γ2, x : [A] ⊢ t2 : B

Γ1, Γ2 ⊢ let [x] = t1 in t2 : B
□e

Γ, x : A ⊢ t : B
Γ, x : [A] ⊢ t : B

2$-

Linear logic + !-modality
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x : A ⊢ x : A
ax

Γ, x : A ⊢ t : B
Γ ⊢ λx . t : A ⊸ B

⊸i

Γ1 ⊢ t1 : A ⊸ B
Γ2 ⊢ t2 : A
Γ1, Γ2 ⊢ t1 t2 : B

⊸e

Γ1, x : A, y : B, Γ2 ⊢ t : C
Γ1, y : B, x : A, Γ2 ⊢ t : C

$%

Γ, x : [A]r, y : [A]s ⊢ t : B
Γ, z : [A]r+s ⊢ t[z/x][z/y] : B

)*+,-

Linear logic + -modality□r

Γ ⊢ t : B
Γ, x : [A]0 ⊢ t : B

.$/0

Γ ::= ∅ ∣ Γ, x : A ∣ Γ, x : [A]r
A ::= A ⊸ A′ ∣ □r A

[Γ] ⊢ t : B
r * [Γ] ⊢ [t] : □r B

□i

Γ1 ⊢ t1 : □r A
Γ2, x : [A]r ⊢ t2 : B

Γ1, Γ2 ⊢ let [x] = t1 in t2 : B
□e

Γ, x : A ⊢ t : B
Γ, x : [A]1 ⊢ t : B

2$-

r ∈ (ℛ, * , 1, + , 0, ⊑ ) po-semiring
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x : A ⊢ x : A
ax

Γ, x : A ⊢ t : B
Γ ⊢ λx . t : A ⊸ B

⊸i

Γ1 ⊢ t1 : A ⊸ B
Γ2 ⊢ t2 : A

Γ1 + Γ2 ⊢ t1 t2 : B
⊸e

Γ1, x : A, y : B, Γ2 ⊢ t : C
Γ1, y : B, x : A, Γ2 ⊢ t : C

$%

Γ, x : [A]r, y : [A]s ⊢ t : B
Γ, z : [A]r+s ⊢ t[z/x][z/y] : B

)*+,-

Linear logic + -modality□r

Γ ⊢ t : B
Γ, x : [A]0 ⊢ t : B

.$/0

Γ ::= ∅ ∣ Γ, x : A ∣ Γ, x : [A]r
A ::= A ⊸ A′ ∣ □r A

(Γ, x : [A]r) + (Γ′ , x : [A]s) = (Γ + Γ′ ), x : [A]r+s

[Γ] ⊢ t : B
r * [Γ] ⊢ [t] : □r B

□i

Γ1 ⊢ t1 : □r A
Γ2, x : [A]r ⊢ t2 : B

Γ1 + Γ2 ⊢ let [x] = t1 in t2 : B
□e

Γ, x : A ⊢ t : B
Γ, x : [A]1 ⊢ t : B

2$-

r ∈ (ℛ, * , 1, + , 0, ⊑ ) po-semiring

24 pt
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Graded base and grades in the wild



Linear base
Γ ::= ∅ ∣ Γ, x : A ∣ Γ, x : [A]r
A ::= A ⊸ A′ ∣ □r A

Graded base
Γ ::= ∅ ∣ Γ, x : [A]r
A ::= Ar ⊸ A′ ∣ □r A

Only graded assumptions

Function carries a grade

Γ, x : [A]r ⊢ t : B
Γ ⊢ λx . t : Ar ⊸ B

⊸i

*(2014) Petricek, O, Mycroft - Coeffects: a calculus of context-dependent computation.

x : [A]1 ⊢ x : A
ax

Γ1 ⊢ t1 : Ar ⊸ B
Γ2 ⊢ t2 : A

Γ1+r * Γ2 ⊢ t1 t2 : B
⊸e

Graded base rules

• Like original coeffect type systems

• Also QTT (McBride, Atkey, Wood) and Idris 2 (Brady)
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Linear base

Γ1 ⊢ t1 : A r ⊸ B Γ2 ⊢ t2 : A
Γ1+r * Γ2 ⊢ t1 t2 : B

app

Γ1 ⊢ t1 : □r A ⊸ B

Graded base

[Γ2] ⊢ t2 : A
r * Γ2 ⊢ [t2] : □r A

□i

Γ1+r * Γ2 ⊢ t1 [t2] : B
□e

Same idea as before capture structure of computation/proof via grades
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 language GradedBase

A r ⊸ B written A % r -> B
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Graded types in Haskell (GHC 9)

a %r -> b  

Graded arrow

{-# LANGUAGE LinearTypes #-} 

a %One -> b  Linear

a %Many -> b  Unrestricted

cf. linear-base:

a        -> b 

a [Many] -> b 

a [Lin]  -> b 

(2017) - Bernardy, Boespflug, Newton, Peyton Jones, Spiwak - Linear Haskell: practical linearity in a higher-order polymorphic language.

data Box r a where { Box :: a %r-> Box r a }

Graded modality
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Graded types in Haskell one day?

Semiring s =>  a %(r : s) -> b  

{-# LANGUAGE GradedTypes #-}

• Generalise existing approach (0 missing) 

• Solving inside GHC? 

• Customisation? [i.e., user-defined Semiring]

Challenges
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Graded types in Idris 2  (based on QTT)
append : {0 n : Nat } -> {0 m : Nat } -> {0 a : Type }  
       -> (1 xs : Vect n a) -> (1 ys : Vect m a) -> Vect ( n + m ) a

(2016) - McBride - I Got Plenty o’ Nuttin’

(2018) - Atkey - Syntax and Semantics of Quantitative Type Theory

(2021) - Brady - Idris 2: Quantitative Type Theory in Practice.

Grades drawn from    (the LNL semiring in Granule)0,1,ω
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append : {n : (0,2) Nat } -> {m : (0,2) Nat } -> {a : (0,2(n+m)) Type }  
       -> (xs : (1,0) Vect n a) -> (ys : (1,0) Vect m a) -> Vect (n + m) a

Gerty generalises this to track type- + computation- use
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…

♢XA
♢YA

♢WA
♢ZA

…

☐RA ☐SA

☐TA☐UA

☐PA

Indexed 
families

Graded modalities (informally)

with structure
matching the shape of proofs/programs or a semantics

♢A ☐A
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Possibility / monads
Hilbert-style ♢ (A → B )  →  ♢ A →  ♢ B 

A → ♢ A
♢♢A → ♢A

(T) reflexivity

(4) transitivity

(K) distributivity

Γ ⊢ e : A
Γ ⊢ return e : ◊A

Γ ⊢ e1 : ◊ A Γ, x : A ⊢ e2 : ◊ B
Γ ⊢ do x ← e1; e2 : ◊ B

Natural deduction (+ terms):

Benton, Bierman, de Paiva - Computational Types from a Logical Perspective - JFP (1998) 101



Graded possibility / monads
Hilbert-style ♢x (A → B )  →  ♢x A →  ♢x B 

A → ♢I  A
♢x ♢y A → ♢x y A⊛

(T) reflexivity

(4) transitivity

(K) distributivity

x ∈ (X, , I) is a monoid⊛

Γ ⊢ e : A
Γ ⊢ return e : ◊I A

Γ ⊢ e1 : ◊xA Γ, x : A ⊢ e2 : ◊yB
Γ ⊢ do x ← e1; e2 : ◊x⊛yB

Katsumata - Parametric effect monads and semantics of effect systems (2014)

O, Petricek, Mycroft - The semantic marriage of effects and monads (2014)

Natural deduction (+ terms):
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Effect-set-graded possibility
(X, , I) = ( (IOlabels), , )⊛ 9 ∪ ∅

♢x A   written in Granule as   A < x >

-graded possibilityℕ
(X, , I) = ( )⊛ ℕ, + ,0
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Graded monads

in semantics

class GMonad (g :: k -> Type -> Type) where
  return :: a -> g Zero a
  (>>=)  :: g x -> (a -> g y b) -> g (Plus x y) b

J�K
<latexit sha1_base64="7DNtNbk5/GjEVaDN1isSIdkOJaA="></latexit><latexit sha1_base64="7DNtNbk5/GjEVaDN1isSIdkOJaA="></latexit><latexit sha1_base64="7DNtNbk5/GjEVaDN1isSIdkOJaA="></latexit><latexit sha1_base64="7DNtNbk5/GjEVaDN1isSIdkOJaA="></latexit>

in programming https://hackage.haskell.org/package/effect-monad

(J�K �! MF JAK)
<latexit sha1_base64="36QE7ZbaokenLBU0twN5vm+FFKM="></latexit><latexit sha1_base64="36QE7ZbaokenLBU0twN5vm+FFKM="></latexit><latexit sha1_base64="36QE7ZbaokenLBU0twN5vm+FFKM="></latexit><latexit sha1_base64="36QE7ZbaokenLBU0twN5vm+FFKM="></latexit>

Γ ⊢ e : A?F
Type-and-effect systems

Orchard and Petricek - Embedding effect systems in Haskell (2014)

put :: Var v -> s -> State {v :-> W ! s} () 
get :: Var v -> State {v :-> R ! s} s

104
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Trivial vs “meaningful” graded monads

⟦♢x A⟧ = ⟦A⟧

Purely for analysis / controlling expressivity

For analysis but semantics unrefined

⟦♢x A⟧ = M ⟦A⟧

Graded-directed semantics

e.g. ⟦♢x A⟧ = S → A × S⟦A⟧

e.g.  ⟦♢x A⟧ =  -$/2>(x) → A × .-?,$>(x)⟦A⟧
x = {read(a), read(b), write(b)}e.g.



FSCD 2020
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@Aψ A = B,*-$(liveIn(ψ)) → A × B,*-$(footprint(ψ))
Liveness graded state monad
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Abstract
In static analysis, two frameworks have been studied extensively: monotone data-flow analysis and
type-and-e�ect systems. Whilst both are seen as general analysis frameworks, their relationship has
remained unclear. Here we show that monotone data-flow analyses can be encoded as e�ect systems
in a uniform way, via algebras of transfer functions. This helps to answer questions about the
most appropriate structure for general e�ect algebras, especially with regards capturing control-flow
precisely. Via the perspective of capturing data-flow analyses, we show the recent suggestion of
using e�ect quantales is not general enough as it excludes non-distributive analyses e.g., constant
propagation. By rephrasing the McCarthy transformation, we then model monotone data-flow e�ects
via graded monads. This provides a model of data-flow analyses that can be used to reason about
analysis correctness at the semantic level, and to embed data-flow analyses into type systems.
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1 Introduction

Static program analysis is the bedrock of optimising compilation, extracting program proper-
ties from syntax to inform semantics-preserving program transformations. Throughout the
history of program analysis it has been repeatedly noticed that various analyses have similar
forms and can thus be unified into more general frameworks. Notably, the early data-flow ana-

lyses performed on control-flow graphs (e.g., for live variables, available expressions, reaching
definitions etc.) were unified by the notion of monotone data-flow frameworks [8] (Khedker
et al. [10] give a wider perspective). Such analyses are formalised as scanning program state-
ments forwards or backwards to obtain data-flow equations over some algebraic structure,
which are then solved. Another major class of analyses are e�ect systems [5, 7, 15, 24],
typically applied in a functional setting (but also notably for Java’s checked exceptions).
E�ect systems typically augment type systems with information about possible side-e�ects,
drawn from a particular algebraic structure. Such approaches evolved into a framework for
general static analysis [16]. Another general class of static analysis is abstract interpretation

given by Galois connections or related structures [3], though this is not our focus here.
© Andrej IvaökoviÊ, Alan Mycroft, and Dominic Orchard;

licensed under Creative Commons License CC-BY

5th International Conference on Formal Structures for Computation and Deduction (FSCD 2020).
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Monoid-graded possibility:

A → ♢I  A

♢x ♢y A → ♢x y A⊛

♢x (A → B )  →  ♢x A →  ♢x B 

Semiring-graded necessity:

☐ 1A → A
☐ r∗s A → ☐r ☐s A

☐r (A → B )  →  ☐r A →  ☐r B 

☐ 0A → 1
☐ r+s A → ☐r A  ☐s A⊗

107

Asymmetry is because -calculus input has more structureλ
Γ ⊢ e : τ

many to one

EffectsCoeffects

} plumbing dataflow



Dataflow analysis via grading
λx . λy . let z = f x in (z, g z y)Consider

f

g

↟f  (1 + ↟g1) * ↟g2

1 + ↟g1 

f

g

↡f ↡g ⊛↡f 

f

g

x y

Flow graph
Backward

↟hi = demands on ith parameter to h
Forward

↡h = provision of h
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Other instances of graded modalities
• Contextual Model Type Theory - CMTT (Nanevski et al. ‘08)


  meaning  is true under closure of 

• Hardware schedules (Ghica et al. ’14)

• Explicit provability logics (Artemov ’95, ’01)

• Multi-stage programming (generalising Pfenning & Davies, ’01)

• Costs (cf. Cicek et al. 17)

• Robustness / sensitivity (Gaboardi et al. ‘16, Pierce et al. ’13)

• Provenance

• Probabilistic programming (forwards / backwards)

• Type state (stateful protocols)

□ Γ A A Γ
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What did we learn?
• Defining typing theories declaratively / formally


• We implicitly heavily leveraged Curry-Howard


• Linear types for resourceful thinking


• Modal reasoning


• Graded modal reasoning (in three flavours)


• Now what?


• Do you have a binary property that you can make more fine grained?

Graded slogan: match the 
structure of proof/program with 

structure in the indices

Thanks!
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